Chapter 8

A sequence is an infinite collection af reai numbers, written in a specific order.

The sequence {a.} converges to L if an only if given any number ¢ > 0, there is a number N > n,
for which |a, - L] <e¢, for every n > N. If there is no such number L, we say the the sequence
diverges.

Supppose that {a.} and {bn} both converge to L, and L2 respnectively. Then

() lim (an + bn) = lim an + lim bn = L1 + L2

(i) ljm (an - bn) = lim an - lim bn = L1 - L2

(iii) ”_[Q (a@n bn) = (Jim an)(Jim bn) = L1L2

(iv)gmg—:zﬂ—ig=t—;ifu¢0

Suppose that |jm f(x) = L. Then, [im f(n) = L, also.

Squeeze Theorem: Suppose {an} and {ba} are convergent sequences, both converging to the timit,
L. If there is an integer m > n, such that for all n > n;, an < cn < bn, then {c.} converges to L also.

If |im fan} = O, then |jm an = O, also.

The sequence {an} is increasing if a, < an+1 for all n.

The sequence {an} is decreasing if a, > an1 for all n.

A sequence that is increasing or decreasing is monotonic.

A sequence {aq} is bounded if there is a number M > 0 for which |aa| < M, for all n.
Every bounded, monotonic sequence converges.

The nth partial sum, Ss=aj+az2+ ... + an

kgl ak = |im kg:l =l Sn

For a = 0, the geometric series, kgo a ry converges to %, if |r] < 1 and diverges if |r] >1.
él ak converges, then Lim ax=0.

The nth Term Test for Divergence: If IuiT ak = 0, then the series él ay diverges.

0 Ifé1 ay converges to A and él bk converges to B, then k§1 (ak = by) converges to A + B and
él ¢ ak converges to cA, for any constant, c.
(i) If kglak converges and élbk diverges, then él (ak = by) diverges.

The Integra!oTest: If f(k) = ax for all k = 1,2,... And f is continuous, decreasing, and positive for
X2>1, then { f(x) dx and Z, Ak either both converge or both diverge.



Comparison Test : Suppose that 0 <ax < by for all k. (i) If 21 bk converges, then él ak.converges.
(i) If |§1 ak diverges, then él bk diverges, too.

Limit Comparison Test: Suppose that ax, bx > 0 and that for some finite value, L, Lig g—: =L>0.
Then, either :_}51 ax and él bk both converge or both diverge.

An alternating serties is any series of the form k°_2_:°1 Dla, =a;-az+az-as+ ...

The Alternating Series Test: Suppose that Um ak =0and 0 < akn < ax for all k> 1. Then the
The alternating series 21 (-1)*1lay converges.

Suppose that an alternating series converges to some number S and that the error in
approximating S by the nth partial sum S, satisifies |S - Sn| <an .

e o0
If kgl lak| converges, then k>_:1 akx converges.

The Ratio Test: Given él ax, suppose that |im |Z%L| = L. Then (i) if L < 1, the series converges
absolutely, (ii)if L > 1, the series diverges and (iii) if L = 1, there is no conciusion.

A power series is any series of the form kcz:fo b(x - )X = bg +b1(x - €) + ba(x - €)2 + b3(x - 3)3 +...

Given any power series, éo bk(x - ¢)k, there are exactly three possiblilities: (i) The series

converges for all x in (—o0,0) and the radius of convergence isr = c0;  (ii) The sereies converges
only for x = ¢ and the radius of convergence isr = 0 or (iii) the series converges for x in
(c-rc+r).

2 ()

k)_:l ——(x - c)¥ Is called the Taylor series expansion for f. If c = o it is called a Maclaurin series.

Po(X) = él f‘k;(!c) (x - )k The error in using P«(x) to approximate f(x) is Ra(X) = %%f—’ (x - c)™!

For some numbers between x and c.

8

e = Z &xk

&

A Fourier series is a series of the form 3 + él [ak cos(kx) + by sin(kx)]

Suppose that f is periodic of period 2/ and that f and f' are continuous on the interval {-,/}, except
for at most a finite number of jump discontinuities. Then, f has a convergent Fourier series
expansion. Further the series converges to f(x), when f is continuous at x and to

1/2[ILQ3 f(t) + [im f(t)] at any points x where f is discontinuous.



