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Section 1.1

Section 1.1

1. (a) The temperature in the cup would not be uniform. It would be warmer near the center
and cooler near the edges. The average temperature would decrease more slowly if the
liquid were not mixed.

(b) Styrofoam would slow the rate of heat transfer, thus decreasing the value of k.

(c) If a metal spoon is used in place of a plastic one, more heat will be transferred to
the spoon. More importantly, the metal spoon will would also transfer heat to the
surrounding atmosphere having the net effect of increasing the surface area in contact
with the outside atmosphere. The effect is similar to that of adding a handle to the cup.

3. (a) We have

dr 1 58

—— =k(T —-10 T0)=68, k=—=-In{—].

G~ T =0 k=g ()

(b) T(18) = 58¢!8n(38/47)/9 1 10 ~ 48 degrees. This model predicts the pipes would not
freeze.

(c) We assumed that the outside temperature is constant. It is reasonable to expect that
the outside temperature would fall after sunset, which would lead the house to cool
faster. It would make sense to revise the estimate downward.

5. The governing equation is % = —kt. The solution is y(t) = Ce™*. We are told that
y(29) = C/2; thus, k = In2/29. Therefore, y(30) = 0.488C; hence, approximately 49% is
still present. Solving for y(¢) = C/100 yields ¢ = 291n(100)/In2 ~ 192.67 years.

7. (a) We know that ¥ = —ky and Q(t) = ky(t). Thus, % = k% = —k?y = —kQ, which
shows that @) decays exponentially.

(b) Using the solution from Example 4, Q = kCe™*, where C = 1 gram and k = 1.537 x
10710 yr=1. Thus, Q(0) = kC = 1.537 x 10719 and Q(1.14 x 10%) = 1.2899 x 10710,
Alternatively, if we know that Q(t) = 1.537 x 10~ 1015371071 " (3(0) = 1,537 x 10710,
and Q(t) = 1.2899 x 1070 then we can solve Q(t) = 1.2899 x 107! for ¢ to find
t=1.14 x 10,

9. The mathematical model is

dy oy 9

The solution of the differential equation is y = y(0)e™**. Thus,

17

= 8 + 9ekt”

11. (a) The initial value problem is

_1n2

y, y(to) = Qo+ 10, 13

for a dose at time to with Qg the value of y just prior to the dose. We have y = Ae ™kt
from the differential equation, and then A = (Qg + 10)e**, so

y=(Qo + 10)6“067“.



Chapter 1: Introduction

13.

(b) For the interval from time 0 to time 6, we have Qo = 0 and t; = 0. From part (a),

(b)

y = 10e %, For the interval from time 6 to time 12, we have Qg = 10e~% and t; = 6.
Then
y =10(e % 4 1) e = 10(1 + F)e ™ 6<t <12,

Similarly,
y=10(1 + €%  el?M)e=k 12 <t <18

and
y = 10(1 + 8% + 12k 4 e18F)eh ¢ > 18,

See Figure 1.

5 10 15 20

Figure 1: Exercise 1.1.11

Let x be the amount owed and let p be the payment rate per month. Then

d

(Tf = kx —p, x(0)=12000, z(60)=0.
Let y = kx — p. The problem for y is then % = ky with y(0) = 12000k — p and
y(60) = —p. The differential equation and initial condition yield the solution y =

(12000k — p)e**. The condition at ¢ = 60 then yields (12000 — p)eS% = —p, from which

we obtain p = 12000k /(1 — e~%%). Now, an interest rate of 5% means that the increase
.05z

in amount is .05z per year, or <3* per month. Thus, k¥ = 1/240 and

50
$226.45. The error in the estimate is $0.41, which is about 0.2% of the correct answer.
The approximation is excellent.

15. The governing model is

P
—r =kP. P(0) =203, P(30) =281,

with population in millions of people and ¢ = 0 in 1970. Then P(t) = Ce*. The two
additional conditions imply C' = 203 and k = In(281/203)/30 ~ 0.0108. Thus P(80) = 483.
The actual population will probably be less because the birthrate is much less in 2000 than
in 1970 and will likely continue to decrease. This effect could be countered to some extent
by a high level of immigration, but the immigration rate is far less than the overall growth
rate of 1% per year.
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Section 1.2

1. (a) ordinary, order 2.
(b) partial, order 2.
(c) ordinary, order 2.
3. ¢ 2 —2t 4 463t ¢/ _ —2t 4 1263t
5. ¢ =3cost + $5€3, ¢/ = —3sint + e, and ¢ = —3cost + 5.
7. ¢ =2% -2, ¢/ =322, and ¢ = 6.
9. ¢ =V1+2a2 ¢ =x/V1+ a2
11. ¢ = % — % +Ce 2, ¢ = % —20e™ 2,
13. (a) Letting y = €™, we get r —3 =0so r = 3.
(b) Letting y = e, we get r2 +3r+2=0s07r = —2,—1.
(c) Letting y = e", we get r2 +4r +4=0s0r = —2.
15. (a) Substituting y = Ae™?, we get —2A +34A =150 A= 1.
(b) Substituting y = Ae™%, we get —24 —2A =150 A = —%.
(c) Substltutmg y = Ae %, we get —2A4 + 24 =1 so there is no solution.
(d) e 2 is a solution of ¥ + 2y = 0.
17. The equilibrium solution y = ys satisfies 0 = 292 — 2ys. Thus, yso = 0 Or Yoo = 1. The
solution y., = 0 is not part of the family 1/(1 + Ce?).
19. Rewriting this as gt = % and integrating, t = %lny +C. Thus y = *¢=C) Using the initial
condition, y = 3e*
21. Integrating both sides once, % = -3 (1+2t) + ¢1. The condition %(O) = 0 implies ¢; = 3.
Integrating again yields y = —2 In(1 + 2¢) + 3¢ + co. The condition y(0) = 1 implies ¢, = 1.
23. Integrating both sides of the equation, y = —In(| cost|) + ¢. The initial condition implies
¢ = yp. Thus y(t) = —In(] cost|) + yo. Since the argument of the logarithm must be positive,
this solution is valid on (—m/2,7/2).
25. Given that the initial condition is at x = 3, we write the solution as y = f £ ;ds + C. We
then have C'= 3 and
T e %ds
y= +3.
1 S
dy 2 2
27. —= = —e ¥ with y(0) =0.
(@) G == with y0)
(b) y= @etz, y = @Ztetrzerft + @69%642 =2ty + 1.
29. y=1/(C —2t), y =2/(C — 2t)?. The initial condition implies C' = 1/2 and y = 2/(1 — 4t).

The denominator of the solution must be non-zero, so the interval of existence is (—o0,1/4).

3
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31. y=1/(1+ Ce?), y = —2Ce? /(1 + Ce?')%. The initial condition implies C = —1/2; hence,

2

Y= e

The denominator of the solution must be non-zero, so the interval of existence is (—oo,In2/2).
33. y=—1//C —2t,y = —1/(C — 2t)3/2. The initial condition implies C' = 1/4; hence,

16
R

The argument of the square root must be non-negative, so the interval of existence is

(—00,1/8).

Section 1.3
1. The net force is F' = —c1y — cov. Thus

d?y dy
m—s = —c1y — ca—.
2 W=y

The order is 2.

3. (a) We model the earth by concentrating all of the mass at the center of the earth. The
distance between an object and the center of the earth is the radius of the earth, R, plus
the height of the object above the center of the earth, y.

(b) We must have F(0) = —mg and Fy(0) = —%, thus

A =mgR?.

(c) Assuming that gravity is the only force and h is the height of the balloon above the
earth’s surface,
d?y mgR?

T T TRty

where y(0) = h+ R and 3'(0) = 0. Yes, this can be solved by integrating both sides.
Assuming that gravity and air resistance are the only forces (air resistance modeled as
in Exercise 1.3.2),

d*y _ mgR? dy | dy

i T T (R+y? Vdt|de

)

where y(0) = h + R and 3/(0) = 0. This problem cannot be solved by integrating both
sides.

5. Integrating both sides of the equation, y = +/C — 2¢t. Using the initial condition, we find

C = 2+ y3; thus,
1 2
y=1/2+y3 — 2, —co<t<lIn —;yo.
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7. Following the same steps as in Model Problem 1.3, we have

d2y
m—y =—mg, y(0) =0, y'(0) = =—.

The solution is y = ¢; + cot — %tZ. The two initial conditions imply ¢; = 0 and co = p/m.
The velocity y' = p/m — gt is zero when ¢t = p/(mg). Thus, the maximum height is

p2

- 2gm?2’

Of the three parameters, p is a property of the thrower, m is a property of the ball, and g is
a constant. Thus, doubling the strength of the thrower increases the height by a factor of 4;
similarly, doubling the mass of the ball decreases the height by a factor of 4.
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Section 2.1

1.

(a)

The first assumption makes the population constant rather than variable. The second
assumption means that contact between any two individuals is treated in the same way,
rather than having to keep track of the contact between different types of individuals.
The third assumption means that all contacts are treated equally. The fourth assumption
means that the recovery process is independent of history, that is, the probability of
recovery in any particular time interval does not depend on the amount of time the
individual has had the disease..

Over a small period of time (say a summer), it is reasonable to model the population
as constant. It might be inappropriate over a longer time scale (for example a decade).
For the second assumption, the contact between people on a crowded city street is likely
to be fairly random and each person will have a similar number of contacts. If all of the
contact between people comes from shaking hands, then it reasonable to expect that a
predictable number of contacts between infected and healthy will result in new infections,
thus making assumption three hold. The last assumption will hold for a disease that
can be cured by the body at any time (possibly warts which may disappear of their own
accord at any time). It will not be true for diseases that have a natural progression, e.g.
flu or common cold. Nevertheless, this assumption is common in epidemiology models
and usually does not introduce significant error.

Many (most) people are neither susceptible or infective, and this category is not present
in this model.

The first two assumptions probably apply well to the common cold. The last two
assumptions are more questionable. There are certainly kinds of contact that promote
the spread of the common cold (e.g. kissing) and things individuals can do to reduce their
own infection rate (e.g. washing hands). This brings assumption three into question.
The common cold also has a natural progression (one recovers in 3-5 days). Depending
on the time scale of the problem, this may be a serious issue. An alternative modeling
option is to leave people in the population immediately after they are infected, but
before symptoms appear, for a few days and then remove them from contact with others
(while they are at home recovering). This is very different from assumption 4.

From dh/dt = —k\/h, we have the approximation

kv koho

Thus, measurable changes in h occur in a time of roughly ¢, = V/ho/k.
dt 1

dh kvh

We have

0 1 0 dt te
———=dh = dh:/ dt.
/ho k\/ﬁ ho dh 0
Integrating both sides yields t. = 2v/ho/k.

The reference time is one-half of the amount of time for a bucket of depth Ay to empty.

The substitution h = hgH yields the equation /hg % = —kv/H. From the formula
T = t/t,, we obtain
d 1 d

dt — t.dr

6



Section 2.1

hence, the dimensionless differential equation is % =—vH.
5. (a) The component of 3?5 in the direction of T is s”. The component of % in the direction

of T is s'. The component of gk in the direction of T is —gsinf. Thus we get s” =
—bs' — gsin#, or

s" +bs' + gsinf = 0.
(b) We have that s = L. Thus s’ = L#" and s” = L#". Hence
0" + b0’ + (g/L)sinf = 0.
(c) Let 7 = +/g/Lt. Then the equation becomes
0" + af' +sinh =0,

where a = by/L/g.

7. (a) The height of a satellite is on the order of the radius of the earth. With z, = R for the
length scale, we have ¢, = R/V for the time scale. Using z = RZ, we have
d*z

R - _

g dz
dt? (1+

dt

Z(0)=0, RZ0) =V

N

)%’
Then, from t = t,.7, we have % = % diw and the problem becomes

d*Z gR 1 az
e —— Z(0) = —(0)=1.
dr? V2 (1+2)% 0)=0, dr )

The quantity o = gR/V? is dimensionless.
(b) Writing a as R/(V?/g), we see that V?2/g is a possible reference length.

(c) Let 2 = V2Z/g and t = V1/g. Substitution of the Z for » changes the differential
equation to

V2 d*z B g
g dtz2  (1+a12)%
Then % =& % yields
d*Z 1

a2~ (l+a12)?
Similarly, the initial conditions become Z(0) = 0 and %2(0) = 1.
(d) « must be large.
(e) V must be considerably larger than v/gR.

9. Rewriting gives Z—Z = (1 — 2)~le P#/(1+82) Integrating both sides yields

Ty Z 1
TZ = / dT = / 17€fpz/(l+,8z) dZ.
0 0 -z
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11.

13.

15.

Since e P#/(142) > ¢=P we have

1 _—pz/(1+42) 1
/ R dz > e_p/ dz .
0 1—=2 0 1—=z2

Due to the singularity in the integrand at z = 1,

Lod " d
/ © — lim ° — lim In|l1—r|l=oco.
0

1—=2 r—1= Jo 1—2 r—1-—

(a) % = rate in — rate out; hence,

(b) The solution is Q(t) = Qe "V
(c) Solve Q(t) = 0.1Qo, to find rt = V In10. For Lake Erie, t ~ 5.88 years, and for Lake
Superior, t /& 425 years.

(d) Lake Erie can be cleaned up much more quickly than Lake Superior, given equal starting
levels.

(a) 99 = rate in — rate out; hence,

dt
d
d—? = Cor — %r, Q(0) =0.

(b) Let u=Q — CyV. The problem of part (a) becomes

du U

Hence, u = —COVe_’"t/V and then Q = CoV (1 — e—Tf/V)_

(c) For 0 <t < 20, we use the solution in part (b) to get C/Co = 1 — e "V (note that
the ratio of C' to Cy approaches 1 if ¢ is allowed to approach co). At ¢t = 20 we have
Q(20) = —CoVe 2/V 4 CyV. Using as an initial condition and the solution from
Exercise 13, Q = CoVe ™V (1 4 ¢27/V). Therefore

C/Cq = e_”t/v(l + eQOT/V) for 20 <t < 40.

(Note that the ratio of C' to Cy approaches 0 as t approaches cc.)

(d) In the course of the first 20 years, Lake Erie becomes ten times more polluted than Lake
Superior. After the cleanup begins, it takes about 6 years before the pollutant level
in Lake Erie is reduced to that of Lake Superior. By the 10-year mark after pollution
stops, Lake Erie is very clean, while Lake Superior has changed little from its (relatively
low) maximum. See Figure 2.



Section 2.1

Pol lution Severity Ratio Pol lution Severity Ratio
1 0.1
0.8 0.08
0.6 0. 06
0.4 0. 04
0.2 0. 02
t t — t ! t t t =t
10 20 30 40 10 20 30 40

Figure 2: Exercise 2.1.15

(a)
dQ Qo
%k =0
dt @+ T’
(b) Let y = kQ — Qo/T. The problem becomes % = —ky with y(0) = —Qo/T. Thus,

y=—QoT e * and

_ Qo —kt
If this solution were correct for all time, ) would approach the equilibrium solution

Qo/kT.

(c) We have Q < Qo/kT for all time, and we want ) < Q7. This is guaranteed to happen
if we choose T' so that Qo/kT < Qp. Thus, we choose

Q0)=0

_ Qo
T = Ko7
(d) The problem is
Q _ _ Qo okt
W ko, Q=20

The differential equation yields Q = Ae**; then,

Ae T = %(1 — e ),

Solving for A and substituting into the formula for @) yields the result

QO kT —kt
= — -1 I
Q T (e e Lt >
(e) The indicated substitutions yield the results

_ 1 1—e " T<S8
Yy=3 (e —1e ™ 7>8.

(f) Larger S means a greater total dose relative to the maximum safe amount. This means
that the graph has a later and lower peak, owing to the requirement that the drug be
administered over a longer time interval. See Figure 3.
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y y
0.6 0.4
0.5
0.4 0.3
0.3 0.2
0.2
o1 0.1
tau t t t t t tau

Figure 3: Exercise 2.1.17

Section 2.2

1. Separable. Evaluating [ dy = [(¢t — 1) dt and using the initial condition yields

—19 t+3
y=3 :

3. Separable. Evaluating [ Yy 3dy = J dt and using the initial condition yields

B 1
Y=Vi1itar

Note that the negative root does not satisfy the initial condition.

5. Separable. Evaluating [y~2dy = [ te’ dt yields

1
YT DO

7. Separable. Evaluating [ e¥dy = [(Inz/z)dz yields
1
y=In [2(lnx)2 + C] .

9. Separable. Evaluating [ydy = — [ 2z dz yields
y==+vC — 222
Both square roots are included because no initial condition is specified.

11. Separable. Evaluating [y?/(1 +y%)dy = fnr:ellc2 dx yields
) 1/3
y::(Ae%z/2—1> .

13. Evaluating [y 2dy = [ 2tdt and using the initial conditions yields

5

V=152

The denominator of the solution can never be zero, so the interval of existence is (—1/v/5,1/v/5).
See Figure 4.

10
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4 4
34
21

Figure 4: Exercises 2.2.13 and 2.2.15

15. Evaluating [ y2dy = [ costdt and using the initial conditions yields

1

Y= 1 sint

The denominator of the solution can never be zero, so the interval of existence is (—3m/2,7/2).
See Figure 4.

17. Evaluating [y/(1 +y?)dy = [ 1/xdz and using the initial conditions yields

y=—v5ba?—1.

The positive root does not satisfy the initial condition. The argument of the square root
must be non-negative, so the interval of existence is [1/v/5,00). See Figure 5.

y
4 +
y
4 + 3
3+ 21

2
/ 1t
14
. . o .

0.50.75 1.251.51.75 2 -1.5-1-0.5 0.5 1 1.5

Figure 5: Exercises 2.2.17 and 2.2.19

19. Differentiating gives % =2z + ﬁ%. See Figure 5.

21. Differentiating gives ey% +y+ :EZ—I = 2x. See Figure 6.

11



Chapter 2: Basic Concepts and Techniques

y

o

Figure 6: Exercise 2.2.21

23. (a) Evaluating [(y — 2)dy = [ dt yields %yQ — 2y =t + C. Completing the square then
yields (y — 2)% = 2t + 2C + 4, or

y=2+2ttc,

where ¢ = 2C + 4.
(b) Setting y(0) = a determines ¢ = (a — 2)2. Thus

y =242t + (a—2)2.

The argument of the square root must be non-negative, so the interval of existence is

a—9)2
[_( 22) ,OO).

25. Differentiating, we find dy/dx = Ae® = y; thus, the orthogonal family must satisfy % =
—1/y. Evaluating, [ydy = — [ dx or

y=+vVc—2z.

See Figure 7.

y
10
8
6 X
4
-10 -5 5 10

Figure 7: Exercises 2.2.25 and 2.2.27

12
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27.

29.

31.

33.

35.

37.

39.

41.

Differentiating, we find dy/dxr = 2y/z; thus, the orthogonal family must satisfy dy/dx =
—z/(2y). Evaluating, [2ydy = [ —xdx or y*> = ¢ —2%/2. This is more conveniently written
as

2y% + 2% = C?

where we have used C? rather than 2c¢ because the constant must be nonnegative. See Figure
7.

Substituting v = ey, we find ‘C%’ =e!'(2t +2). Thus, v = 2te! + C and y = 2t + Ce™ L.

Substituting v = ely, we find ‘C%] = (t? +2t)e!. Thus, v = t?e! + C and y = t*> + Ce~ L.

Substituting y = zv, we find 2% = 1. Thus, v =In|z|+ C and y = zIn|z| + Cxz.
Substituting y = zv, we find $§—Z = —v~ L. Thus, v = +1/C — 2In|z| and y = +2v/C — In22.

Substituting v = (z — y)/2, we find % = (1 —v)/2. Thus, v = 1 — Ce™®/? and y =
x—2—Ce /2,

With v = y? — 22, we have % = 2y% — 2x; combining this with the differential equation
yields % = —2z(v+1). Thus, v = -1+ Ce™ —landy?2 =22 — 1+ Ce ™.

Differentiating v(z) = y?(x) — 2? yields

w_ (% _
dv ydm v

This equation is separable if and only if y% — x is separable; setting y% —z = f(x)g(v), we
obtain the requirement

d
yﬁ =z + f(z)g(y* — 2*)

for some functions f and g. Note that both Exercises 39 and 40 are of the form
d
v = eF(y —a?),

which appears to be quite different. However, setting f(z) = x and F(v) = 1+ g(v) in the
more general form recovers this special case.

Section 2.3

dy 2y—5t+3

. The differential equation is —— = —————. See Figure 8.

dt t+1

. From the solution y = 2t + Ce™!, we see that solutions approach y = 2t as t — oco. The plot

of the slope field, solutions curves, and isoclines are as shown. The isocline is the dashed
curve. See Figure 8.

13
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S ST

0.5 11.52 253

Figure 8: Exercises 2.3.1 and 2.3.3

5. From the solution y = t*> + Ce™?, we see that solutions approach y = t? as t — co. The plot
of the slope field, solutions curves, and isoclines are as shown. The isocline is the dashed
curve. See Figure 9.

y
Vo \ T
AN Vo

4
A N\ N\
\ \2
NN NN
SN | t
o t -4
/'-Jf_ -
Vv v NN
/S -4 A

Figure 9: Exercises 2.3.5 and 2.3.7

7. This problem cannot be solved by any of the methods in a differential equations course.
Mathematica gives a solution in terms of Bessel functions with imaginary arguments, while
Maple gives a solution in terms of Airy functions. The slope field and solution curves can still
be generated numerically. Note from the plot that the solutions seem to be approaching the
y = /5t nullcline as ¢ — co. This behavior can be confirmed by the method at the bottom
of page 82 of the text. The guess ¢t ~ 0.2y yields the approximate behaviors y = 4+/5¢, for
which % = +./5/4t. Since the omitted term vanishes as t — oo, the formulas y = 4+/5¢
capture the possible long-term behaviors. Neither of the guesses % ~ t nor % ~ —0.2y? yield
a consistent approximation. Note that there do not appear to be solutions that approach
y = —+/5t. Both the graph and the analysis are needed to obtain the correct long-term
behavior result. See Figure 9.
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9. The solution of the initial value problem is y = 5/(1 — 5¢2) on the interval (—+/0.2,/0.2),

and the solution approaches infinity at the endpoints of the interval. See Figure 10.
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0.4 -0.2 0.2 0.4 4 -3 -2 -1 1 2

Figure 10: Exercises 2.3.9 and 2.3.11

11. The solution of the initial value problem is y = 1/(1 —sint) on the interval [—37 /2, 7/2], and

the solution approaches infinity at the endpoints of the interval. The isoclines are y = 0 and
t = —m/2. See Figure 10.

13. The solution of the initial value problem is y = —v/522 — 1; thus, y approaches —v/5z as

15.

17.

x — o0. There are no isoclines. See Figure 11.
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Figure 11: Exercises 2.3.13 and 2.3.15

The solution of the differential equation is y = zln|z| + Cx. The long-term behavior as
x — o0 is y &= C'z. The isocline is the dashed curve in the plot. See Figure 11.

The solution of the differential equation is y = +2v/C — Inz2. Individual solution curves are
bounded in z. The isoclines are the dashed lines in the plot. See Figure 12.
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Figure 12: Exercises 2.3.17 and 2.3.19

19. Let v(z) =  + y(x). Then

dv d

—zl—i——y:l—l—x—i—y:l—l—v.

dx dz
This equation is separable, but it is also linear with constant forcing, and it is easy to solve
with the substitution v = u — 1, after which we obtain the solution

y=Ae* —1—=x

with the long-term behavior y =~ Ae®. The isocline is the dashed curve in the plot. See Figure
12.

21. The zero isoclines are ¢ = 0 and ¢ = 1 — 1/Ry. If the initial condition is 7(0) > 0, then all
solutions converge toward the value i = 1 — 1/Ry. See Figure 13.
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Figure 13: Exercise 2.3.21

Section 2.4
1. f=y"B(xz+1)"" and %5 = %y_Q/S(Q: + 1)~ fis not continuous at z = —1 and % is not
continuous at x = —1 and y = 0. Theorem 2.4.1 guarantees a unique solution if (zg,yo) is

chosen so that zg # —1 and yg # 0.
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3. f=+/25—12—12(t+y+1)""and G = (t2 2B +ty—y) (25— 12— ) V2t +y+1)72 f
is not continuous at y = —t — 1 and 25 — 92 <0 and % is not continuous at y = —t — 1
and 25 —t? — y% < 0. Theorem 2.4.1 guarantees a unique solution if (¢g,yo) is chosen so that
Yo # —to — 1 and y2 + t3 < 25.

5. We have

_ T _ 1
=@ty T e-@+1)
These functions are not continuous at x = 2 and x = —1, so the guaranteed interval of
existence from Theorem 2.4.2 is (—1,2).
7. We have .
e x
b1 = y 9= .
cos T coS T
These functions are not continuous at x = 7/2 + nw for n € Z, so the guaranteed interval of
existence from Theorem 2.4.2 is (—7/2,7/2).
9. This is a linear equation, so Theorem 2.4.2 applies. We have
dy
=2r— = —In(1 —x).
pL=2r"1 g n(l — )
Then ¢ is not continuous for z < 1, so the guaranteed interval of existence from Theorem
2.4.2 is (—o0,1).
11. (a) This is a linear equation, so Theorem 2.4.2 applies. We have

2x n(n+1)
1_2 P2=a_ 2

p1=— 12

These functions are not continuous at x = +1, so the guaranteed interval of existence
from Theorem 2.4.2 is (—1,1).
(b) Yes, any initial condition where xg = +1.
(c) If n =0 then the equation is
d?y dy
1 —a? 2
(1-2 )da:2 dx
The zeroth degree solution of this that satisfies y(1) = 1is y = 1. If n = 1, then the
equation is

=0.

d’y dy
1—a%)— —2z— + 2y = 0.
(1-2?) 722 oy T2 =
To find the first degree solution of this problem, let y = ax + b. Substituting into the
equation and using the initial condition shows a =1 and b = 0. Thus, y = z. If n = 2,

then the equation is

d%y dy
1—2%)—5 —2z— + 6y =0.
(1-2%)-73 o Ty =
To find the second degree solution of this problem, let y = ax? + bx + c. Substituting
into the equation and using the initial condition shows a = 3/2, b =0 and ¢ = —1/2.
Thus, y = Qw — 5. If n = 3, then the equation is
d*y dy
1-— — —2x— 4+ 12y = 0.
(1-2%)-3 o Tl =

17
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13.

15.

To find the third degree solution of this problem, let y = az3 +bz?+cx+d. Substituting
into the equation and using the initial condition shows a = 5/2, b = 0, ¢ = —3/2 and
d=0. Thus, y = %x?’ — %x

(d) No, The initial condition does not satisfy the hypotheses of Theorem 2.4.1 or Theorem
2.4.2, so those theorems do not apply.

(a) Evaluating [h~Y/2dh = [ —2dt, we find Vh = —t + c. The initial condition shows
c=2. Thus h = (2 — )%
(b) At t = 2, the height of the water is zero; thus, the bucket is empty.
()
b (2-1)2 t<2
] 0, 2 <t
(d) The function (2 — t)? satisfies the differential equation for —co < ¢t < 2 and the zero
function satisfies the differential equation for ¢ > 2. It remains to check the differential
equation at ¢ = 2. Note
dh dh
lim — = lim — = lim (2t —4) = 0.
Mg =0 D T =0
These limits agree, and therefore %*(2) = 0 = \/h(2). The piecewise-defined function of
part (c) satisfies the differential equation for all ¢.
(e) No, Theorem 2.4.1 says nothing about this initial value problem since the initial condi-
tion occurs when ¢y = 0.
(f) See Figure 14.
h X
4 4
Vi
A
AT
ARSI
2 ARSI ¢
AT
1] VANV
ARRRRAR
VWY
2 3 4
Figure 14: Exercises 2.4.13 and 2.4.15
(a) We have

todf t

fzz—l’ de  (z—1)%

Thus f and % are not continuous at = 1. The hypotheses of Theorem 2.4.1 are not
satisfied, so the theorem says nothing.
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(b) Evaluating [(z — 1)dz = [tdt yields

2 2
T t
— = —+C
5 x+2+,

and the initial condition yields C' = —1/2. From the quadratic formula, we obtain the
solutions = 1 4+ ¢. Both of these functions solve the initial value problem.

(c) See Figure 14.
(d) No, Theorem 2.4.1 does not apply.

19. Let z(z,t) = 2/(2Vkt). Note that 0z/0t = —x/(4Vkt3) = —z/(2t) and dz/dx = 1/(2Vkt).
From y(z,t) = erf(z(x,t)), we have

@_<_3> 2 e\ _ 2 2 Oy (1] 2 ey _ 1 e
ot ) \m ¢ )T Um0 e \avi)\Va ) T Vaki o

and
k82y k:( 1 ) < 2z Zz) z  _,2 Oy
— = — e = — e F ==,
Oz? 2kt vkt Vvt ot
21. i P d
ﬁ =a Ai(z) + s Bi ()
and 2 2 2
Y . . . .
i Cl@ Ai(z) + 02@ Bi(z) = cix Ai(x) + cox Bi(x) = xy.
Section 2.5
1.
Approximation | Solution | |Error|
t At=0.1 y(@®) | At=0.1

0.1 2.000 2.010 0.010

0.2 2.020 2.037 0.017

0.3 2.058 2.082 0.024

0.4 2.112 2.141 0.029

3.
Approximation Solution |Error|
t At y(t) At
0.02 0.01 0.005 0.02 0.01 0.005

0.1 | 5.206 5.234 5.248 5.263 0.057 0.029 0.015
0.4 11645 19.34 21.61 25.00 855 5.64 3.39

Halving the step size reduces the error by about one half at t=0.1; the improvement at t=0.4
is less. See Figure 15. The first plot is for step size 0.02, the next for step size 0.01, and
the last graph is for step size 0.005. The approximations are the data points marked with
squares.
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30y 30 30
y y y
20r 20 20
10; 10 10
0 ‘ ‘ ‘ 0 ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 01 02 03 to4 0 01 02 03 to4 0 01 02 03 toa4
Figure 15: Exercise 2.5.3 with step sizes 0.02, 0.01 and 0.005 respectively.
5.
Approximation Solution |Error|
t At y(t) At
0.2 0.1 0.05 0.2 0.1 0.05
[2[3571 3514 3486 | 3.459 [0.112 0.055 0.027 |
The error is approximately cut in half if the step size is cut in half, with the error magnitude
approximately 0.54At. See Figure 16. The first plot is for step size 0.2, the second is for step
size 0.1, and the last is for step size 0.05. The approximations are the data points marked
with squares.
4 4 4
y y y
2 2 2r
0 0 Or
-2 -2 -2t
M o5 1 15t 2% o5 1 15t2% o5 1 15t 2

Figure 16: Exercise 2.5.5 with 10, 20 and 40 steps respectively.

7. See Figure 17.

Approximation Solution |Error|
¢ At (0 At
0.2 0.1 0.05 0.2 0.1 0.05

24232 4618 4822 ] 5.033 [0.801 0.415 0.211 |
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5, 5, 5,
4t 4t 4t
y y y
3 3 3
2! 2! 2!
1 1 1
0 05 1 15 t 20 05 1 15 t 20 05 1 15 t 2

Figure 17: Exercise 2.5.7 with 10, 20 and 40 steps respectively.

9. The solution of the initial value problem is

_ 1 37r<t<7r
V=1 sint’ 2 2

The solution ceases to exist at ¢ = 7/2; however, the numerical approximation scheme always
yields a finite slope at the points ¢,. Therefore, the Euler approximation “jumps” across the

line t = 7/2 and begins to follow a different solution curve. See Figure 18.

100, 100, 100;
y Yy Yy
80; 80" 80
60" 60" 60"
40 40 40'
20" 20" 20"
05 1 15 t 2 & o5 1 15t 2 9 ‘ 5 U 2

0.5 1 15

Figure 18: Exercise 2.5.9 with 40, 80 and 160 steps respectively.

11. (a) Euler’s method on the interval [0, 1] estimates that the value of y for step size 0.025
when t =1 is 0.4789.

(b) Euler’s method on the interval [0,1] estimates that the value of y for step size 0.0125
when t =1 is 0.4846.

(c) Let y, be the answer from part a and gy, be the answer from part b. The assumption on
the error leads us to the equation y(1) — y, = 2(y(1) — yp). If we solve for y(1) we get
y(1) = 2yp — ya =~ 0.4903. Of course this answer is not the exact value of y(1), but it is
the best answer that can be given from the available data.
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Section 2.6

1.
Approximation Solution |Error|
t Euler Mod. Euler rk4 y(t) Euler Mod. Euler rk4
0.2 | 2.0200 2.0400 2.0374 | 0.0174 0.0026
04| 21122 2.1448 2.1408 2.1406 0.0286 0.0040 0.0002

Each approximation for ¢ = 0.2 uses two evaluations of the derivative function, and each
approximation for ¢ = 0.4 uses four evaluations of the derivative function. The very large
differences in accuracy are due to the differences in the methods.

Approximation Solution |Error|
t At y(®) At
0.05  0.025 0.0125 0.05 0.025  0.0125
0.1 | 5.2613 5.2629 5.2631 | 5.2632 | 0.00187 0.00027 0.00004
04| 21.70 23.74 24.61 25.00 3.30 1.26 0.39

For the modified Euler method, halving the step size reduces the error by about one-sixth at
t=0.1; the error at t=0.4 is reduced by roughly one-third. (Theoretically, the error should
be reduced by roughly one-quarter.) Given the same number of function evaluations, the

modified Euler results are much better than the Euler results. See Figure 19.

30 30¢ 30¢
y y y
20 207 20r
10 107 10;
0 0 0}
0 0.1 0.2 03t 04 0 0.1 0.2 03t 04 0 0.1 0.2 03t 04

Figure 19: Exercise 2.6.3 with step size 0.05, 0.25, and 0.0125 respectively
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Approximation | Solution |Error|
t At y(t) At
0.1 0.05 0.1 0.05
0.1 | 5.26320 5.26316 | 5.26316 | 4.6 x107° 3.4 x107°
04| 24.13 24.87 25.00 0.87 0.13

Halving the step size reduces the error by about one-fourteenth at t=0.1; the error at t=0.4

is reduced by roughly one-sixth.

one-eighth.)

(Theoretically, the error should be reduced by roughly

. The Modified Euler and rk4 methods are better at tracking the sudden increase in slope as

t — 7/2 and roughly comparable to each other. Neither is able to identify that the solution
does not exist for ¢t > /2. See Figures 20 and 21.

100 100¢ 100
y y y
80 80¢ 80
60 60¢ 60
40 40¢ 40
20 20¢ 20

0 ‘ ‘ 0 ‘ ‘ 0 ‘ ‘ ‘

0 0.5 1 15t 2 0 0.5 1 15 t 2 0 0.5 1 15t 2

Figure 20: Exercise 2.6.5¢ with 20, 40, and 80 steps respectively

100y 100y
y y
80y 80y
60f 60f
40¢ 40¢
20r 201
01 01

0 t 2 0 t 2

Figure 21: Exercise 2.6.5e¢ with 20, 40, and 80 steps respectively
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7. Increasing the heat liberated by the reaction makes the reaction accelerate faster and approach
completion earlier. The following graphs are generated using rk4 with a step size of 0.001
and 2000 steps. See Figures 22 and 23.

1 1
y y
0.8} 0.8
0.6f 0.6f
0.4; 0.4;
0.2/ 0.2/

0 0.5 1 15t 2 0 0.5 1 15 t 2

Figure 22: Exercise 2.6.7 with 8 = 0 and 3 = 1 respectively.

1 1
y y
0.8 0.8
0.6} 0.6
0.4} 0.4
0.2 0.2
0,

0 05 1 15t 2 0 05 1 15 t 2

Figure 23: Exercise 2.6.7 with 8 = 2 and 8 = 4 respectively.
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Section 3.1

1. The solution is y = ¢; cost 4 ¢o sint. The initial conditions imply y = — cost — /3sint. The
amplitude is 2 and the phase shift is 6 = 47/3. Thus, y = 2cos(t — 47/3). See Figure 24.

N+

Figure 24: Exercises 3.1.1 and 3.1.3

3. The solution is y = ¢j cosv/3t + casiny/3t. The initial conditions imply y = cos /3t —
% sin v/3t. The amplitude is 2/v/3 and the phase shift is § = —7/6. Thus, y = % cos(v/3t +
7/6). See Figure 24.

5. The solution is y = ¢; cos v/5t + ¢ sinv/5t. The initial conditions imply y = —2cos v/5t —

% sin/5t. The amplitude is \/56/5 and the phase shift is § = 7 — arcsin(—3/+/14). Thus,

Y= \/356(;03(\/575 —0). See Figure 25.

y
H/H\ 1 /H\ 1 t
2 3 4 5 6

Figure 25: Exercise 3.1.5

= N W

oo
w N

7. The spring is governed by y” 4+ 0.1ky = 0, where k is the spring constant. Thus y =
c1cosV0.1kt + cosinv/0.1kt. The period of motion is 2w4/10/k. Since this must be 1,
k = 4072, Any resulting oscillation will always be of period 1.

9. The spring is governed by my” + ky = 0, where m is the mass and k is the spring constant.
Thus y = cjcos/k/mt + casiny/k/mt. The information about the period tells us that
5vVk = 2ry/m. Adding two pounds to the end of the spring gives us the equation (m +
1/16)y” + ky = 0, where m is the original mass and k is the spring constant. Thus y =
c1cos/k/(m+1/16)t 4 casin/k/(m + 1/16) t. The information about the period tells us
that 7vk = 27+/(m + 1/16). Eliminating k and solving for m in these two equations yields
m = 25/(16 - 24) ~ 0.065.
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Chapter 3: Homogeneous Linear Equations

11. The spring constant is k = 4 - 980. Thus we have y” + 196y = 0. The solution is y =
¢1 cos 14t + co sin 14¢. The initial conditions y(0) = —2 and y/(0) = —1 result in the solution

1
y = —2cos 14t — T sin 14t.

The period is /7 and the amplitude is A = /785/14. From cosd = —28/+/785 and sind =
—1/4/785, we have 6 = m — arcsin(—1/v/785) ~ 3.177.

13. The mass is m = w/g = 1/16 and the spring constant is k = w/AL = 4, so the governing
equation is y” + 64y = 0. The initial conditions are y(0) = 1/4 and %'(0) = 1, and the
corresponding solution is

1 1
Yy = 16038t+§sin8t.

The amplitude is A = v/5/8 and the phase shift is § = arcsin(1/1/5). See Figure 26.

0
o [

1 1 1 1 1 t
0 1. 0-350.50.75 1\1.2501.5
VARV

Figure 26: Exercise 3.1.13

15. (a) The linear approximation of sin§ near # = 0 is sinf ~ ¢. Thus 6" 4 £6 = 0, from which

(b)

we can immediately identify the period as 27/L/g.
We can multiply the equation by 2df/dt to obtain

do  2gdo
2— 4+ —=—sinf = 0.
a " Lar™"
Integrating both sides of this equation yields (df/dt)? — (2g/L)cos = C. The initial
conditions combine to yield C'= —(2¢g/L) cos A; we therefore arrive at the equation

doN? 2g
<dt> —f(COSH—COSA).

The right side of the equation of part (b) is positive as 6 decreases from A to 0, so the
equation makes sense. We choose the negative square root since 6 is decreasing. We also
know that # = A when ¢t = 0 and § = 0 when ¢ = T'/4. From part (a), the linear period
is Ty = 2w/ L/g, so we have F defined by T' = 27\/L/g F. Combining this information
yields the problem

dt L 1 T |L
_ = — lay——— t A :0, t O - = *F
df \/ 2g \/cosO — cos A (4) © 2 \/ g
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(d) Multiplying the differential equation dt/df = G(0) by df and integrating over the interval
0 <6 < A yields ft(O) dt = fOA G(0) dh. Using the function G and values ¢(0) and ¢(A)
from part (c) yields, after simplification,

Vi _w
T Jo cos@ — cos A

(e) Let z = cosf. Then dx = —sinfdf = —v/1 — 22 df. The limits of integration become
x =1 and x = cos A. We therefore have

2 (1 d
F:£ L b = cos A.

T Jo Ve—bvV1—2?

(f) As of this writing, Maple 9.5 has a bug in its “assume” command. The statement
“assume(b >0,b <1); getassumptions b;” yields the output “{b::RealRange(-00,0pen(1))}”,
which is wrong. Instead, it is necessary to use “assume(b,RealRange(Open(0),0Open(1));”
Once this has been done correctly, the formula for F' from part (e) yields the response

2EllipticK (Y42)

m
Mathematica returns a long solution that includes hypergeometric functions as well
as elliptic functions. In general, computer algebra systems have a lot of predefined
functions, some of which only specialists would recognize. This really doesn’t make any
difference, as the integrals can always be calculated numerically. Numerical calculation is
preferable for those cases where the predefined function is slow to compute. Whenever
you get a messy formula, it is always a good idea to obtain graphs using both the
formula and numerical approximation; if the results are different, it becomes necessary
to determine which is correct.

(g) We have A = 7a/180 and b = cos(ma/180) along with the integral of part (e) or the
formula of part (f). See Figure 27.

F =

F

1.14
1.12

1.1
1.08
1.06
1.04
1.02

t t t t a
20 40 60 80
Figure 27: Exercise 3.1.15
Section 3.2
1.
2 3 —4| -8 1 3/2 —2 —4 1 0 0] 2
1 -2 =2 -4 | =] 0 1 0O |l=1010]|0
1 3 0 2 0 3 00 1] 3
Therefore, t =2,y =0, 2z =3 is the unique solution.
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2 1 =2 | 10 1 1/2 -1 5 1 00 1
3 2 2 1 = 0 1 10 | —28 = 0 10 2
5 4 3 4 0 0 1 3 00 1] -3
Therefore, x = 1, y = 2, z = —3 is the unique solution.
5.
2 6 1 8 1 3 1/2| 4 1 0 0 10
12 -1 -2 |=2(0132|6 |=2{010] -3
5 7 —4 5 00 1 6 0 01 6
Therefore, x = 10, y = —3, z = 6 is the unique solution.
7.
1 -2 3| =7 1 -2 3| -7
4 3 1 5! = 0 11 -11 33
2 7 =5 19 0 11 -11 33
The matrix is singular, so there cannot be a unique solution.
9.
11 -1 0| —1 11 -1 0 —1 1 0 00O
1 1 1 1 2 ~ 01 -3 -1 —4 ~ 010 0] 0
-1 1 01 11 (o0 13585 |0010]|1
10 21 3 00 o0 1 1 000 1|1
Therefore, w =0, z =0, y =1, z = 1 is the unique solution.
11.
0 3 2 1 4
10 4|=-3 I -3(-3+4)=-3.
-1 0 -3
13.
2 0 3
1 7 2 :2‘2 3‘—}—3‘1 2‘2—62.
4 6 2
15.
1 -2 1 2 1 0 13 4 1 13 4 0 20 0
4 0 5 0 4 0 50
0 1 6 1 01 61 1 7 4 1 7 4
1 1 -1 5 1 0 -7 4
4 0
= 20‘ L4 ‘ = 320.

17. Ignoring the value of ¢ for the moment, we have

I 13\ (1 1 3

2 ¢c| 7)) \N0 c¢c—2|1)"°
The matrix is singular if ¢ = 2. Otherwise, we can easily solve the decoupled system that
remains:

1 3c— 7
v y c—2
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19. Ignoring the value of ¢ for the moment, we have

12 1] 4 1 2 1 10 -3/2| 3
2 0 3|6 |=|0 -4 =5 )% 01 5/4 | 1/2
0 c 4]0 0 ¢ 4 0 0 195%¢| —¢/2

5/4 1/2
0 0 16—5¢c| —2¢

The matrix is singular if ¢ = 16/5. Otherwise, we can easily solve the decoupled system that
remains:

—2¢ 1 5 8 .3, 48— 1sc
16-5c “7°"2° T 16-5c"

I 3]0\ (1 =3[0

2 -6/ 0/) \0 O0fO0)"
The system reduces to the single equation z — 3y = 0, so a one-parameter family of solutions
isx=3c,y=-c

21. The augmented matrix is

Section 3.3
1. y=13—t, o =3t2 — 1,y = 6t, so L[y] = 21> + 4t.
3. y=ctcost,y = —etcost —e tsint, y’ = 2e 'sint, so L{y] = 2e(sint + cost).

2t

5. y=-cre 2 y = —2cie”?, y = 4c1e7?, so Lly] = 6cre7 2.

7. y=cicos2t, y = —2c18in2t, vy’ = —4eq cos2t, so Lly] = —6¢; sin 2t.
9. Let g = 2t2 + 4t; then y = t3 — ¢ solves L[y] = g.

11. (a) =19, =0,y =0,and ¢} =0. yo =t, v =1, y§ =0, and y§ = 0. y3 = *,

yh = 2%,y = 4e?, and v}’ = 8e*.

(b)
_ /I t "t — t /It t /" t t
13. (a) y1=¢€" y] =¢€", and ¢} = €' y2 =te', yh = €' +te', and y§ = 2e" + te.
(b) y = cre! + cotel
15. (a) (—o0,00).
(b) y1 =e 2, yl = —2e72 and y] = de™ 2. yo = €3, ¢}, = 33, and y4 = 9¢e3L.
e M ' L . .
(c) W=| _ 9e—2t g3t | = 5e* # 0, so this is a linearly independent set of solutions.
(d) W =5el and W' = 5et =W
(e) y = cre 2t + coedt.
(f) The initial conditions yield y = (&3 — e~%).
(g) (—00,00)
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17.

19.

(a) (0,00).

(b) y1 =22, y} =2z, and yf =2. yo = 2?Inx, ybh =2zInz + 2, and y§ = 2Inx + 3.

z? 2?Inz
(c) W = R 23 # 0 on (0,00), so this is a linearly independent set of
solutions.

(a) (—00,00).

(b) ;i =191 =0,/ =0,and y{" =0. yo =t, 95 =1, 95 = 0, and g5’ = 0. y3 = e~ >,
yh = 22t o = de % and y§ = —8e 2.
1 ¢ e 2t
() W=1]0 1 —2e 2 | =4e 2 +£0, so this is a linearly independent set of solutions.
0 0 4e 2
(d) W =4de % and W' = —8e~ 2t = —2WV.
(e) y = c1 + cat + cze 2.
(f) The initial conditions yield y = 1.
Section 3.4

1. The characteristic polynomial is 72 + 4r + 3. The characteristic values are r = —1, —3. The
solution is y = cie™t + coe 3.

3. The characteristic polynomial is 72 — 4. The characteristic values are r = 2, —2. The solution
is y = c1e?! + cpe™ 2t

5. The characteristic polynomial is 73 + 5r2 4 4r. The characteristic values are r = 0, —1, —4.
The solution is y = ¢1 + coe™ ! + cze L.

7. The characteristic polynomial is 72 + 5r 4+ 6. The characteristic values are r = —2, —3. The
general solution is y = cje™? 4 coe 3. The initial conditions give y = 6e~2! — 4¢73!. The
long time approximation is 6e~2¢. See Figure 28.

9. The characteristic polynomial is 72 + 2r — 8. The characteristic values are r = 2, —4. The

solution is y = cre®t 4 cope™ 4

. The initial conditions give y = %e% + %e_?’t. The long time
approximation is %e%

. See Figure 28.
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Section 3.5

11.

140 4
120 +
100 -
80 -
60
40 -
20 -

Figure 28: Exercises 3.4.7 and 3.4.9

(a) Given the equation y” + by’ + 4y = 0, the critical amount of damping occurs when there
is exactly one characteristic value. The characteristic value is r = (—=b + Vb?> — 16)/2.
This will have only one solution when b = 4.

(b) We are considering the equation y” + 8y’ + 4y = 0, with y(0) = 1 and ¢'(0) = 0. The
characteristic polynomial is > 4+ 87 + 4. The characteristic values are r = —4 + 2+/3.
The general solution is y = c1e(~4+2V3) 4 coe(-4-2V3)t  The initial conditions yield
y = %e(—y&\/ﬁ)t + %6(4—2\/&‘

(¢) For any initial conditions, the solution is y = cle(*4+2‘/§)t+026(*4*2‘/§)t. We have y =1
at time 0 and y ~ cle(_4+2‘/§)t as t — 0o. The solution will reach 0 at a finite time if

c1 < 0. The critical case is where ¢; = 0. The solution is then y = e(*4*2‘/§)t, from
which we have 3/(0) = —4 — 2v/3. The requirement is s > 4 + 2/3 ~ 7.46.

Section 3.5

1.

. The characteristic equation is r

The characteristic equation is 72 +5 = 0. The characteristic values are r = 4+/5i. The
general solution is y = ¢; cos V/5t + ¢ sin v/5t.

The characteristic equation is 72 — 4r + 8 = 0. The characteristic values are r = 2 + 2. The
general solution is y = e?!(cy cos 2t + co sin 2t).

3 _r = 0. The characteristic values are = 0, £1. The general
¢

solution is y = ¢1 + coel + czet.

The characteristic equation is 72 4+ 47 + 5 = 0. The characteristic values are 7 = —2 4. The

general solution is y = e~%!(¢; cost + cosint). The initial conditions yield
y = e 2(2cost + 4sint).

The amplitude is A = /20, so the envelope is +1/20e2!. See Figure 29.

The characteristic equation is 72 + 2r + 6 = 0. The characteristic values are r = —1 + /5i.
The general solution is y = e~*(c; cos v/5 t + cosin /5 t). The initial conditions yield

2 t
= —e" sin\/gt.
RV

. . _ 2 : 2 -t 3
The amplitude is A = 75 SO the envelope is + e See Figure 29.
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Chapter 3: Homogeneous Linear Equations
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Figure 29: Exercises 3.5.7 and 3.5.9

11.
. e cos 3t e sin Bt
o P /] — . ] — 2at'
Wie® cos Bt, e sin ft] ae® cos Bt — Besin St e sin Bt + Be® cos Bt pe

13. Given the equation y” + by’ + 4y = 0, the critical amount of damping occurs when there is
exactly one characteristic value. The characteristic value is r = (—b £ v/b? — 16)/2. This
will have only one solution when b = 4. We are considering the equation y” + 2y’ + 4y = 0,
with »(0) = 1 and %/(0) = 0. The characteristic polynomial is 2 + 2r 4+ 4. The characteristic
values are r = —1 +1/3i. The general solution is y = e t(cy cos V3 t+eysin \/gt) The initial
conditions yield

1
=et <cos V3t+ ——sin \/gt) .
) \/g

See Figure 30.

Figure 30: Exercise 3.5.13

Section 3.6

1. The characteristic polynomial is 72 — 4r + 4 = (r — 2)2. The characteristic value is r = 2.
The general solution is y = (c1 + cot)e?. The initial conditions yield

y = (2 — 3t)e*.
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Section 3.7

3. The characteristic polynomial is 73 — 6724 13r = r(r2 —6r+13). The characteristic values are
r = 0,3 %+ 2i. The general solution is y = ¢; + €3!(ca cos 2t + c3sin 2t). The initial conditions
yield

y=1+ 2¢3 cos 2t.

5. Let yo = e"v(x). Then yh = e* (v +v) and y§ = e*(v” + 20" + v). Substituting into the
differential equation for y yields zv” — 20/ = 0. A solution of this equation is v = 23; thus,
we have yo = x3e®. The general solution is

y=cre’ + coxe”.

7. Let yo = e®v(z). Then y) = e*(v' + v) and ¢y = e*(v" + 20" 4+ v). Substituting into the
differential equation for y yields v” — e*v’ = 0. A solution of this equation is v = exp(e®);
thus, we have v = [ exp(e®) ds and yp = €” [" exp(e®) ds. The general solution is

x
y=cre’ + Cgez/ exp(e’) ds.
0

9. Let yo = v Y/2(sinx)v(z). Then yh = (27 %sinz)v’ + (z7/%cosz — 3273/ ?sinx)v and
Yy = (272 sina)v” + (2272 cosz — 273/ 2 sina)v' + [~2 32 cosx + (32752 — 27 1/2) sin z]w.
Substituting into the differential equation for y yields (sinz)v” 4+ 2(cosx)v’ = 0. A solution
of this equation is v/ = — csc? z; thus, we have v/ = cot z and ys = = /2 cosz. The general
solution is

Y= 013:_1/2 sinx + 0256_1/2 CoS .

11. Let y» = e®v(z). Then yh = e*v' 4 2ze® v and y§ = e* v + dze® v/ + (822 + 4)e® .
Substituting into the differential equation for y yields v” + 2xv’ = 0. A solution of this
equation is v = foz e‘szds; thus, we have yo = e® erf (z). The general solution is

Yy = cre” + ¢ erf (z).

13. Lety = e"'v(t). Then yh = e H(v' —v), v = et (v" =20 +v), and ¥ = e~ (v""—3v"+30"—v).
Substituting into the differential equation for y yields v" = 0; thus, we have v = ¢;+cot+c3t?.
The general solution is

y = (c1 + cat + c3t?)e .

Section 3.7

1. Let z = ¢'. The differential equation in terms of ¢ is 23" — ¢’ — 3y = 0. The characteristic
equation is 212 — r — 3 = 0. The characteristic values are r = %, —1. The general solution is
Y= 0163'5/2 + gt = 01x3/2 + cox~ L. The initial conditions yield y = 243/2

the solution behaves like 1/x. See Figure 31.

—z L Asz—0

3. Let x = —e?. The differential equation in terms of ¢ is y” — 4y’ + 4y = 0. The characteristic
equation is 72 — 4r +4 = 0. The characteristic values is 7 = 2. The general solution is
y = (c1 + cot)e? = c12% + cox? In(—x). The initial conditions yield y = 222 + 722 In(—2). As
x — 0 the solution behaves like 722 In(—=2). See Figure 31.
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Chapter 3: Homogeneous Linear Equations

11.

Figure 31: Exercises 3.7.1 and 3.7.3

. Let y = 2". Then the differential equation becomes 2> — r + 3 = 0. The solution of this is

r= (% + /1 —47)/2. In order for the solution to vanish as 2 — 0, we need the real part of
r to be positive for both roots. If 1 — 44 < 0, this is always true. If 1 — 486 > 0, we need
1 —+/1 =43 > 0 which implies 8 > 0. Thus we need g > 0.

We begin with the equation m% + b% +ky = 0. Then % = \/k/mg—g and % = (k/m)%
Substituting these and the expression for 3 into the equation, we get v/ + 28y’ +y = 0. [ is
the damping coefficient relative to the critical damping value.

(a) With A = 0, the equation is 7"2327‘12’ + r% — 1%y = 0. The guess y = ™ yields the

characteristic equation m? = v?. The solution is y = c17¥ + cor™ if v # 0 and

y=c1+colnrifv=0.
(b) Let = Ar. The equation becomes xQ% + x% + (2% — v?)y = 0. The solution of this
isy=cdy(x)+cY,(z) = a1 ,(Ar) + Y, (\r).

Lety =" f. Theny =ra" ' f+a"f and y’ = r(r—1)a" 2 f+2rz" L f'+2" . Substituting
these into the equation yields

22"+ (2r — Daf + (2® +r* —2r)f = 0.

For this to be an equation of Bessel type, the coefficient of f’ must be z. Thus r = 1.
The equation is then a Bessel equation with v = 1. Thus f = ¢1Ji(x) + c2Yi(x) and
y = crxJi(x) + cozYi(x).

34



Section 4.1

Section 4.1

1.

We must solve the equation 0.001v' +v = 1.5 Let y = v — 1.5. Then 3’ + 1000y = 0 and
y(0) = —1.5. The solution of this problem is y = —1.5¢ 7109 Therefore, v = 1.5—1.5¢~1900¢,
The current is

i =103y = 1.5~ 1000,

. We must solve the equation 0.04v” +0.4v" +v = 10. Let y = v—10. Then y” + 10y’ +25y = 0,

y(0) = —10, and 3/(0) = 0. The solution of this problem is y = (—50t — 10)e~5¢. Therefore,
v =10+ (=50t — 10)e~. The current is

i =0.01y = 250te

. We must solve the equation v” + 0.2v" +v = 20. Let y = v — 20. Then y” + 0.2y +y = 0,

y(0) = 0, and y/(0) = 100i(0) = 100. The solution of this problem is y = 1003~ e~ sin 3¢,
where 3 = 1/0.99 =~ 1. Therefore, v = 20 4+ 1003~ te= ¥ sin 3t. The current is

i =0.01y" = e %¥(cos Bt — 0.157 1 sin Bt).

(a) Li' + Ri = E,i(0) = ig.

(b) Let k= E/R and y = i — k. The problem becomes Ly’ + Ry = 0 with y(0) = ip — k.

(¢) The solution of this problem is y = (ig — k)e™ /L.

)
)
)
(d) i= E + ( i) e /L,
) T
)

(e) The steady state current is E/R.
(f) Without the capacitor there will be no oscillations in current. If the capacitor is added

then the steady state solution for the current must be zero.

(a) When the switch is closed, we have an RL series circuit with R = 2.6, L = 0.0058, and
E = 12. The initial condition is ig = 0. By Exercise 7, we have i = (E/R)(1—e FT/L) ~
4.615(1—e~**8) and vy, = Li’ = Fe BT/l ~ 12¢=%48!, Note that the current approaches
E/R as t — oo; also, vg approaches E and vy, approaches 0.

(b) When the switch is opened, we have an RLC series circuit with R = 2.6, L = 0.0058,
C = 0.0005, and E = 12. The initial conditions are v(0) = E — v(0) — v (0) = 0
and v/(0) = C~1i(0) = E/(RC). We therefore have (approximately) the initial value
problem

0.0000029v" 4 0.01508v" +v =12, v(0) =0, v'(0) = 796.

The solution of this problem is v = 12 + e =224 (497 sin 18568t — 12 cos 18568t). From
vy, = Lv”, we obtain
~ —497e " 5in 18568¢.

(c) Most of the time, the switch is open and the voltage drifts from 12 down to 0. When
the switch is closed, the voltage becomes —497e~2?4 sin 18568¢t. The amplitude of the
oscillation is given by the envelope +497e¢224. This means that closing the switch
almost immediately causes an oscillating voltage of amplitude almost 500 volts. This
spike is further amplified in the ignition coil, creating an enormous static charge at the
spark plug gap. This charge jumps the gap, somewhat like a miniature bolt of lightning.
The switch opens very quickly, reducing the voltage in the primary coil back to 12.
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Chapter 4: Nonhomogeneous Linear Equations

11. (a) The system is critically damped when Ly = 1.
(b) We have the problem Lv” 4 2v' +v = 1, with v(0) = 0 and v/(0) = 0. Setting y = v — 1,
we have Ly"” + 2y’ + y = 0, with y(0) = —1 and 3'(0) = 0. For the overdamped L = 0

case, we have v = 1 — e7%/2 and i = Je*/2. The other cases are underdamped, and we
obtain
= —e Y cos L_1t+ L sin L_lt
V= L L1 L

Then i = ¢/ yields

7= e sin t.
L—1 L
(c) See Figure 32.
i i
0.5 0.15
0.4 0.125
0.3 0.1
0.2 0.075
' 0.05
0.1 0. 025
} } } t i t t T —— t
2 4 6 8 10 2 4 6 8 10
0.25 0.2
0.2 0.15 -
0.15
0.1 0.1 -
0.05 0. 05 -
t t t & t t
2 4 6 8 0 + + + + + t
-0. 05l 81 2 4 6 8 10

Figure 32: Exercise 4.1.11

(d) Increasing inductance is like increasing the mass in a spring-mass model. When induc-
tance is above the critical value, the circuit is underdamped. Increasing L speeds up
the oscillation and slows down the envelope decay. Below the critical value, the circuit
is overdamped and further decrease in L slows down the solution decay.

Section 4.2

1. The characteristic values of L are A = 2, so the complementary solution is 3. = c1e? +coe ™.
Using the trial solution y = Ae!, we obtain A = —%. Therefore,
1
Y = —get + clezt + 0267%.
3. The characteristic value of L is A = —3, so the complementary solution is y. = (c1 + cat)e 3.

Using the trial solution y = Ae?, we obtain A = % Therefore,

1
Y= %e% + (c1 + cot)e 3
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Section 4.3

11.

13.

15.

. The characteristic value of Lis A = —4, so the complementary solution is y. = ce . Using

the trial solution y = A cos 3t + Bsin 3¢, we obtain A = % and B = 2% Therefore,

4 3
y = — cos 3t + — sin 3t + ce .

25 25
. The characteristic values of L are A = +2i, so the complementary solution is y. = ¢ cos 2t +
cosin2t. Using the trial solution y = Asin3t + B cos3t, we obtain A = —% and B = 0.
Therefore,

1
y = —5Sin3t + ¢1 cos 2t + ¢ sin 2t.

The characteristic value of L is A = —2, so the complementary solution is y. = ce 2. Using
the trial solution y = Ae!, we obtain A = 1. Using the initial condition yields

y=¢e' +2e %

The characteristic value of L is A = —5, so the complementary solution is y. = ce~®. Using
the trial solution y = A cos2t + Bsin 2t, we obtain A = —% and B = %. Using the initial
condition yields

6 15 93
Yy = 59 cos 2t + 29 sin 2t + 2—96_5t.

(a) Since, y, = Acos2t + Bsin2t, y, = —2Asin 2t + 2B cos 2. Substituting these into the
equation and solving yields y = % cos 2t — % sin 2t.

(b) This cannot be done.

(¢) The appropriate trial solution is y = A cos 2t + B sin 2t + C cos 4t + D sin 4t. Substituting

this into the equation and matching coefficients yields y = 13—3 cos 2t+ % sin 2t+ % cos 4t—

o sin4t.

2.

1+ 2¢.

2t + 2t%.

(d) Taking Y = At>+ Bt +C, L[Y] = 2At> + 2(A+ B)t+B+2C. Thus A=1/2, B= —1/2
and C = 3/4. Therefore,
2t 3
Ry

(e) yp should be a polynomial of degree k. Note that 0 can never be a characteristic value
of L because p # 0.

Section 4.3

1.

(a
(b
(c

(d) The characteristic value is 1 & 3, the degree is 1.

The characteristic value is 3, the degree is 1.
The characteristic value is 0, the degree is 3.
Not a generalized exponential.

)
)
)
)
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Chapter 4: Nonhomogeneous Linear Equations

3. Let Y = te®; then Y/ = 3! 4 3te?!, Y = 6e3! 4 9te?!, and
L[Y] = (74 10t)e™.
L[Y] is a generalized exponential with characteristic value 3 and degree 1.
5. Let Y = te!; then Y/ = e + tef, Y = 2¢! + tef, and
L[Y] = 3.
L[Y] is a generalized exponential with characteristic value 1 and degree 0.

7. The characteristic values of L are A = +1. The characteristic value of g is —1. Thus the
appropriate choice for a trial solution is

Y = (At + Bt*)e !

then
LY] = (-2A+ 2B — 4Bt)e™".

Setting L[Y] = (—6 + 4t)et, we obtain a particular solution y, = (2t — t?)e~".

9. The characteristic values of L are A = 1,—2. The characteristic value of g is 3. Thus the
appropriate choice for a trial solution is

Y = (A + Bt)e*;

then

LIY] = (10A+ 7B + 10Bt)e™.
Setting L[Y] = te®, we obtain a particular solution y, = (— 155 + 15t)e>.

11. The characteristic values of L are A = 1, —2. The characteristic value of g is 1. Thus the
appropriate choice for a trial solution is

Y = Ate';

then
L[Y] = 3A¢".

Setting L[Y] = 4e’, we obtain a particular solution y, = %tet.

13. The characteristic values of L are A = £2i. The characteristic value of g is 1 £ 2¢. Thus the
appropriate choice for a trial solution is

Y = e'(Acos2t + Bsin 2t);

then
L[Y] = €'[(A+ 4B) cos 2t + (—4A + B)sin 2t].

Setting L[Y] = e’ cos 2, we obtain a particular solution y, = €’(5+ cos 2t + 1 sin 2t).
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Section 4.3

15.

17.

19.

21.

23.

The characteristic values of L are A = —1, —2. The characteristic value of g is 1. Thus the
appropriate choice for a trial solution is

Y = (A + Bt + Ct?)ée';

then
LIY] = [(6A + 5B + 20) + (6B + 100)t + 6Ct*e".

Setting L[Y] = 3t%¢!, we obtain a particular solution y, = e'(33 — 3¢ + 12)

The characteristic values of L are A\ = £2. The characteristic value for the first part of g is
2 and for the second part is 1. Thus the appropriate choice for a trial solution is

Y = Ate?' 4+ (B + Ct)e';
then
LIY] = 4Ae* + (=3B + 20 — 3Ct)e".
Setting L[Y] = e + te!, we obtain a particular solution y, = $te® + (=2 — t) ¢!

The characteristic values of L are A = £3i. Thus the complementary solution is y. =
c1 cos 3t 4+ cosin 3t. The characteristic value for the right hand side is 3 so the appropriate
choice for a trial solution is

Y = Ae¥;

then
LIY] = 184¢%.

Setting L[Y] = 6€3, we obtain A = 1/3, so the general solution is

1
Y= ge?’t + ¢1 cos 3t + co sin 3t.

cos 3t.

Using the initial conditions, we get y = %e?’t —1

3
The equation becomes 4" — 3y’ + 2y = e**. The characteristic values of the new equation are

1 and 2. Thus, the complementary solution is y. = cie! + coe?’. The characteristic value for
the right hand side is 4. An appropriate choice for a trial solution is

Y = Ae*;

then
L[Y] = 6Ae™.

Setting L[Y] = e*, we obtain A = 1/6, so the general solution is

1 1
Y = 6e4t + clet + cze2t = 6x4 +cix+ cza:Q.

The equation becomes y" — 3y’ + 2y = te3’. The characteristic values of the new equation
are 1 and 2. Thus, the complementary solution is y. = cie! + cpe?*. The characteristic value
for the right hand side is 3. An appropriate choice for a trial solution is

Y = (A + Bt)e®;
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then
LY] = (2A + 3B + 2Bt)e™.

Setting L[Y] = te®, we obtain A = —2 and B = 1, so the general solution is

3 1 3 1
Y= (—4 + 2t) et 4 crel + cpe® = (—4 + B lnx> 3+ c1x + cp®

25. (a) Y=A+Bt+Ct2 Y' = B+2Ct. LIY] = B+ 2Ct+ At? + Bt3 + Ct*.

(b) If L[Y] =2t + 52+ t* then A =5, B =0, and C = 1. Thus Y = 5+ t2. There is no
way to select A, B, and C so that L[Y] =t + 5t2 + t*.

(c) The image of L[A + Bt + Ct?] has three degrees of freedom, and the set of all fourth
degree polynomials has five degrees of freedom.

Section 4.4

3. The characteristic values are \ = —% + @

i. The complementary solution is

+c

— ( V35t /35 t)
Ye = € C1 COS 9 S111 72 .

The right hand side has characteristic values +3i, so a particular solution has the form
Y = Acos3t + Bsin3t. The method of undetermined coefficients yields A = 0 and B = 1/3.
Using the initial conditions then yields the solution

—fsint—ie*t/zsin 351
Y73 V35 2

The steady-state solution is

1 . 1 T
yss:fant:fcos(t—g).

See Figure 33.

Figure 33: Exercise 4.4.3
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Section 4.4

5. The characteristic values are A = (=3 & v/5)/2. The complementary solution is

(—3+V5)t/2 + 626(—3—\/5)t/2.

Yec = C1€

The right hand side has characteristic values £5i, so a particular solution has the form
Y = Acosbt + Bsinbt. The method of undetermined coefficients yields A = —5/267 and
B = —8/267. Using the initial conditions then yields the solution

5 5+ 19v5 5—19v5
— 2 o8Bt — 2 gint 4 2T IV (=34VB)/2 | 2T TIVY (=3-VB)t/2.
Y= ogr COSOT T g It g ¢ t a3 ©

The steady-state solution is

Yss = %005(575—5), 0 = 7 + arcsin \/%

See Figure 34.

7. Let Y = Ape? so that Y/ = 3idpe’® and Y = —9A40e®*. Substituting this into the
differential equation yields Ag = 1/3i. Thus the amplitude is |Ag| = %, which matches the
amplitude in problem 3.

y A

0.25 +

0.08 0.2 +
0.06 0.15

0. 04
0.02 0.1
t 0. 05
-0.02 1 2 K

2.5 5 7.5 10 12.5 15

Figure 34: Exercises 4.4.5 and 4.4.9

9. (a) Taking g = e and Y = Ape”, we find Y/ = 4iAge*™ and Y = —16A4,e*". Substitut-
ing these into the differential equation yields |Aq| = 1/+/(k? — 16)2 + 16.

(b) The amplitude is maximized when the denominator, y/(k2 — 16)2 + 16, is minimized.
This occurs when (k? — 16)? is minimized and this occurs when k = 4.

(c) See Figure 34.

11. (a) The characteristic values are A = £2i, so the complementary solution is y. = ¢1 cos 2t +
co sin 2t. A particular solution has the form Y = A cos 1.4¢t. The method of undetermined
coefficients yields A = 25/51. Using the initial conditions and writing the solution in
amplitude-phase shift form,

25

25
y(t) = 57 €08 1.4t — 7 €08 2t.

(b) See Figure 35.
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Chapter 4: Nonhomogeneous Linear Equations

()
cos[2(t — 10m)] — cos 1.4(t — 107)] = cos(2t — 207) — cos(1.4t — 147) = cos 2t — cos 1.4t.

(d) The characteristic values are A = £2i, so the complementary solution is y. = ¢; cos 2t +
cosin2t. A particular solution has the form Y = Acos+/2t. The method of undeter-
mined coefficients yields A = 1/2. Using the initial conditions and writing the solution
in amplitude-phase shift form,

1 1
y(t) = ~5 cos 2t + 5 cos V2t

(e) See Figure 35.

(f) We would like to have cos(2(t+k)) —cos(5(t+k)) = cos 2t —cos Bt for some k. Expanding
the left hand side we get

cos 2k cos 2t — sin 2k sin 2t — cos Bk cos Bt + sin Gk cos 5t = cos 2t — cos ft.

This equation reduces to
cos2k =1, cosfk=1.

Thus, we need the smallest k& for which 2k and Sk are integer multiples of 27. So we may
write k = nx for some integer n and Sk = 2mn for some integer m; combining these,
we have nf3 = 2m. This implies that [ is a rational number, so let it be p/q in reduced
form. Then pn = 2mq. We seek the smallest n for which this equation is satisfied for
some integer m. If p is even, we may take m = p/2 and obtain n = ¢; thus, the period
is qm. If p is odd, we take m = p and obtain n = 2¢; thus, the period is 2qm.

Figure 35: Exercise 4.4.11, (b) and (e)

13. (a) The outdoor temperature can be modeled by 20 — 5 cos(wt/12). Using this in Newton’s
law of cooling surrounding temperature [see Section 1.1 Equation (3)], we obtain the
dr

differential equation —%F = k[T — (20 — 5 cos 7£)], which we can rewrite as

drT

it
— + kT = 20k — 5k —.
I + cos 5

(Note that the problem could as easily be done in degrees Fahrenheit.)

(b) The characteristic value of the complementary solution is —k < 0, so this solution decays
to 0. The steady-state solution is the particular solution, which has the form

7t 7t
T, = A — 4+ Bsin — )
P cos B + Bsin 12 +C
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Substitution into the differential equation yields the steady-state solution

T — 90 720k2 it N 60k oomt
= — | — = COS ——= S1n —
P 144k2 + 72 12 144k2 4+ 727 12|

or

60k nt . T
— —————cos | — —arcsin — | .
V144k? + 72 <12 V144k? + 772>
From kt;, = In2 and t;, = 3, we have k =1In2/3 and

201In2 t
Tp:20——n 0S (W —arcsinw>.

C PR
V16122 + 72 12 V161n%2 + 72

T, = 20

See Figure 36.

24 -
22 -
20 -
18 -

t

/ 5 10 15 20\% 30

Figure 36: Exercise 4.4.13

To compare with the outside temperature S = 20 — 5 cos(7t/12), it is most convenient
to rewrite the steady-state solution in the form 7}, = 20 — Acos(n[t — C]/12). In this
form, the constant C' represents the time lag of the response to the outdoor temperature
variation. We have

20In2 12
A= 12  331, C=-2aresin———— ~ 324,
V161n%2 + 72 ™ V161n? 2 + 72
and so T}, =~ 20 — 3.31 cos %. The inside temperature fluctuates between 16.7 °C

and 23.3 °C as compared to the outside temperature fluctuation between 15 °C and 25
°C. The coldest inside temperature occurs 3.24 months later than the coldest outside
temperature.

Section 4.5

1. The

complementary solution via separation of variables is y. = ce*. To solve by variation of
t 1

parameters, let y = u(t)e*. Then e*u’ = te'. Thus u(t) = (- — §)e™®". To solve by the
method of undetermined coefficients, let Y = (At + B)e'. Then A = —% and B = —%. Either

way,
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3.

11.

13.

15.

17.

19.

. The complementary solution via separation of variables is y. = ce

The complementary solution via separation of variables is y. = ce*. To solve by variation of
parameters, let y = u(t)e*. Then eu’ = te?. Thus u(t) = t?/2. To solve by the method of
undetermined coefficients, let Y = ¢(At + B)e*. Then A = % and B = 0. Either way,

T
Yy=—€ +ce .
2
The complementary solution via separation of variables is y. = ce3!. To solve by variation of
parameters, let y = u(t)e3’. Then e3'u/ = cost. Thus u(t) = e 3 (& sin —3 cost). To solve
by the method of undetermined coefficients, let ¥ = Acost + Bsint. Then A = —1% and

B = %. Either way,

Yy = -—sint — icost+ce3t
10 10 ’

The complementary solution via separation of variables is y. = ce™*. To solve by variation

of parameters, let y = u(t)e~'. Then e 'u' = 1/(1 + €'). Thus u = In(e’ + 1). Hence,
y=1In(e" +1)e " +ce .

—t*/2 To solve by variation

of parameters, let y = u(t)e_t2/2. Then e~t*/2y/ = 2t. Thus u = 2¢t*/2, Hence,

y=2+ce "

The complementary solution via separation of variables is y. = ce~t*. To solve by variation
of parameters, let y = u(t)e*tz. Then e v/ = ¢~** cost. Thus u = sin¢. Hence,

t

42 . —¢2
y=-e  sint+ce .

The complementary solution via separation of variables is y. = ct~te~*. To solve by variation
of parameters, let y = t~te~‘u(t). Then t~te~tu/ =¢t~!. Thus u = e’. Hence,

14ce?

Y ¢

The complementary solution via separation of variables is y. = sect. To solve by variation of
parameters, let y = u(t) sect. Then (sect)u’ = 1. Thus u = sint. Hence,

y = tant + csect.

The complementary solution via separation of variables is y. = t2. To solve by variation of
parameters, let y = u(t)t2. Then t?u/ = 6t*. Thus v = 2t3 and y = 2t° + ct?. Using the
initial condition, we get

y=2t0—2t2, —oo<t< .

The complementary solution via separation of variables is y. = 1 + t2. To solve by variation
of parameters, let y = u(t)(1 + ¢2). Then (1 + t*)u’ = 1. Thus u = arctant and y =
(14 t?)(arctant + c). Using the initial condition, we get

y = (1+t})arctant, —oo <t < o0.
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21.

23.

25.

27.

29.

The complementary solution via separation of variables is y. = cos?t. To solve by variation
of parameters, let y = u(t)cos®t. Then (cos?t)u’ = 1. Thus u = tant and y = sintcost +
ccos?t. Using the initial condition, we get

y = cost(cost +sint), —7m/2<t<m/2.

The complementary solution via separation of variables is y. = el To solve by variation of
parameters, let y = u(t)e*’. Then ¢« = 1. Thus

t 2t
1
u= / e4" ds = = / e dr = ﬁ erf 2t, y = ﬁe4t2 erf 2t + et
. 2 /s 4 4

Using the initial condition, we get

Yy = \{fe"‘tz erf 2t + e4t2, —00 <t < 00.

Rewrite the equation as 2y 3y’ 4+ 2ty=2 = 1. Let w = y~2. In terms of w, the equation
becomes t?w’ — 4tw = —2. The complementary solution via separation of variables is ct?.
Now the substitution w = u(t)t* yields the equation t*u’ = —2t=2. We obtain u = 2/(5t°)

and w = 2/(5t) + ct*. Therefore
9 o\ “12
y= <5t + t4> .

Rewrite the equation as p~2p’ —rp~! = —r/K. Let w = p~!. In terms of w, the equation

becomes w’ + rw = —r /K. This is the same as Newton’s law of cooling; by various methods,
the solution is w = 1/K + ce™"*. Thus,

B K
P T ket
(a) If n = —m, we have ty’ + my = kt~"™. The complementary solution via separation of

variables is ¢t~™. The substitution y = u(¢)t~™ yields the equation ¢~/ = kt=™"1,
from which we obtain v = kInt and

y=(klnt+c)t™™.

: _ pymtn—1 _ _k_mt
(b) If n # —m, the procedure from part (a) yields u' = kt™*"~!. Hence, u = .7 #""" and

y= t" 4+t
m-+n
(c) With some initial conditions, such as y(0) = 0, the solution is y = kt"/(m + n), which
is valid for all £. This does not contradict the existence and uniqueness theorem. It is
always possible to get a better result than what is guaranteed by the theorem.

(d) No. Regardless of the value of ¢, the particular solution is undefined at ¢ = 0 when
n < 0.
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31.

33. First solve the problem on the interval 0 < ¢ < T. The complementary solution is y. = e™".

(a)

A particular solution is y, = 1. Thusy =1 —e™".
problem 3’ +y = 0 with y(T") = 1 4+ e~T. The solution of this is y = ce™* where ¢ = e? — 1.
Thus we have

Solving the associated homogeneous problem by separation of variables, y. = cost. To
solve for a particular solution using variation of parameters, let y = wu(t)cost. Then
(cost)u’ = sint, so u = —In|cost| and the general solution is y = cost(c — In | cost|).
The solution of the initial value problem is then

y = [k — In(cost)] cost, —g <t< g
With L’Hopital’s rule, we have
k—1 t tant
lim y= lim ni(cos): im — 0" i cost = 0.
t—+m/2 t—m/2 sect t—tr/2 secttant  t—+w/2

For the solution to vanish in the interior of its interval of validity, we must have
In(cost) = k for some ¢ € (—n/2,7/2). Over this interval in ¢, the cosine function
has the range (0, 1], so any negative value of k satisfies the requirement.

Rewriting the differential equation, we have 3y’ = (tant)(cost — y); hence, the solution
has critical points wherever tant = 0 or y(¢) = cost. Given the solution of part (a) and
the interval of validity, we have a critical point at ¢ = 0 and a critical point wherever
In(cost) = k — 1. The latter equation has a solution if and only if £ < 1, by the
argument of part (c). For the origin to be the global minimum, it must certainly
be a local minimum as well. Differentiating the original differential equation yields
y" 4+ o/ tant + ysec?t = cost, which we can evaluate at ¢t = 0 to obtain y”(0) = 1 — k.
Thus, the origin is a local maximum if £ > 1 and not if £ < 1. Since y(0) = k > 0 for the
k > 1 case and y — 0 approaching the endpoints of the interval, it follows that the origin
is the global maximum whenever k£ > 1. It remains only to consider the case k = 1. One
way to check this case is to expand y = [1 —In(cost)] cost as a power series about ¢t = 0.
Combining the series In(1 + z) = = — %x2 + %xB’ +--- and cost =1 — %tQ + it‘l +oeey
we obtain

2 24
1, 1 1/ 1, 1, 2
= | —=t ST S R H
( 2t Tt T > 2< SHRTE > *
1, 1 1/1,
— _ ¢ ¢ o) =2 2t
( 2t Tt T > 2(4 T )
1, 1

= 22— —tty...
2t Tt T

1 1
In(cost) = In <1 S _|_>

Thus,

2 12 2 24 8

This approximation is valid in the limit as ¢ — 0, so we may conclude that the origin is
a local maximum of y as well as being a local maximum of 1 — %t‘l.

1 1 1 1 1
y = [1—In(cost)] cost = <1+t2—|—t4+---> (1— t2+t4+--~> =1——thy ...

t

t. Now we want to solve the initial value

[ 1=et 0<t<T
Y (el —1)e T<t
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35. (a) The conditions in the problem are modeled by the an equation of the form

dP

dt
for some choice of a, b, and ¢. The condition on the period implies b = 7/6. The
condition on the half-life at the minimum means that ¢ —a = 1n2/6. The condition on
the growth rate at the maximum means that ¢ + a = In2/3. Solving for a and c yields
the desired equation.

= (a — ccos(bt))P — R,

(b) By separation of variables, we obtain

In2 18 | =«t
P, =exp T2 t—?smg .

(c) Using variation of parameters, let P, = u(t)P;. Then Pjv/ = —R. Thus,
u=—R [| P["}(s)ds. Therefore,

R In2 ; 18 . «t /t In2 18 . «7 J
=—-Rex — —sin — Xp |——— | 7 — —sin — .
P o0 ) ), P2 U e )Y

(d) Since P(0) =1 and P(O) Pl(O)[ (0) 4 ¢] = ¢, we have ¢ = 1. Thus,

P:P1( 1—Rf0 dS]
t In2 18 . 7T In2 18 . mt
—{1- —— (7 - Zsin- — Zsin ).
P { R/o exp[ 12 (7‘ 7T31r16>]d}exp[12 <t 7Tsm(j)}
(e) Observethat Pi(12) =2. If P(12) = 1, then 1 = 2[1— Rf (s)ds], oer (s)ds =

5. Computing the integral numerically yields R ~ 0.0543.

(f) The minimum population occurs at 3 months and the maximum population occurs at
9 months. These peaks lag behind the growth rate peaks because there is a period of
low but increasing growth after ¢t = 0 and a period of high but decreasing growth after
t = 6. See Figure 37.

cocoo
N B OO R N

5 10 15 20

Figure 37: Exercise 4.5.35

Section 4.6

1. The complementary solution via undetermined coefficients is 1. = cie? 4+ cge™t. The system
of equations produced by variation of parameters is

euj +etub, =10
eluf —etul, = (—6 + 4t)e™!
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The solution to this system is u} = (=3 + 2t)e 2!, u) = 3 — 2t, so u; = (1 — t)e”? and
ug = 3t — t2. A particular solution is

y=urel +uge = e (=2 +2t 4+ 1).
This differs from that of Section 4.3, but both are correct.

3. The complementary solution via undetermined coefficients is y. = c1ef + cae™2t. The system
of equations produced by variation of parameters is
elu) + e 2tuly = 0
eluf — 272l = tedt

The solution to this system is uj = $te*, ujh = —1ite

(% - %St) eSt. A particular solution is

t 7
Yy = ulet + U2€_2t =3t (10 — 100) .

5. The complementary solution via undetermined coefficients is y. = ¢ cos 2t + c9 sin2t. The
system of equations produced by variation of parameters is

(cos2t)u) + (sin2t)ul, = 0
—2(sin 2t)u) + 2(cos 2t)uy = sec2t
The solution to this system is u}] = —% tan2t, uy = %, SO Uy = iln(cos 2t) and ug = %t. The
general solution is

1 t
y=3 In(cos 2t) cos 2t + B sin 2t + ¢1 cos 2t + cg sin 2t.

7. The complementary solution via undetermined coefficients is y. = cie~ ! +cate™!. The system
of equations produced by variation of parameters is

e~ tuf + temtub
—e tuf + (1 —t)e tuly = t7Pet ~

The solution to this system is u} = —t'7P ), = t7P. thus, u; = —ﬁt%p for p # 2 and
up = —Int for p = 2, while us = ﬁtlfp for p #£ 1 and us = Int for p = 1. We therefore
require separate solution formulas for the cases p = 1 and p = 2. The general solution is
(tlnt +c1 + cot)e™ p=1
y = (—Int+ci +eat)e p=2

(thip -+ C1 =+ CQt) eft P > 2

9. y1 =z, ¢y =1, yf =0, and yo = €, y) = €%, y§ = €” so they are both solutions of the
associated homogeneous problem. Using variation of parameters to find a particular solution
leads us to the system

zul + eub =0
u) + e ub =
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11.

13.

The solution to this system is
x 1'2672‘%

g T ate™
e T T

Neither of these can be integrated in terms of elementary functions, so we construct the
antiderivatives and obtain the general solution

=zxlc —i—/zse_sds +e*|ec —/1526_25ds
Y=E\RT )y = 2T a-s2%)

y1 =a Y2cosz, Y| = —%:U*?’/Q cosz—ax ' 2sinz, o = %m*‘r’/Z cosz+z 3 2sinz—z" Y2 cosx
_ 12 ;o 1.-3/2 ~1/2 no_ 3..-5/2 -3/2
and y2 = 27 2sinw, yh = —22732sina + 272 cosz, y§ = 357 2sinw — 2732 cosz —

= Y2sinz, so both are solutions of the associated homogeneous problem. Using variation of
parameters to find a particular solution leads us to the system

212 (cos x)u) V2 (sinz)ul, = 0
(=373 cosx — 27 2sina)u) +(—127%2sinz + 272 cosz)uhy = ¥3?cosw
The solution to this system is uj = —Isinzcosz, uj = cos’z = % + %cos 2z, so u1 =
—% sin? 2 and uy = %ZE + % sin 2z = %:L’ + % sinz cosx. The general solution is
Loy —1/2 —1/2
Yy = ém SINT + 1T CcoS T + cox sinx.

(a) y1 =142z, ¢y =1, y{ =0 and ya = €*, v = €”, and yj = €”, so both are solutions of
the associated homogeneous problem.

(b) In general, variation of parameters leads us to the system

(14 z)u] +euy =0
uf + etuh = x7g(x)

The Wronskian is W[l + z,e*] = ze”, so we have

up = —27%g(x), uy=(z77+a27") e "g(x)

for any g(z). For the case g = 1, we obtain u; = ! and, integrating either term by
parts once, us = [ r2e T dr + f;v_le_x dz = —z~e™®. We therefore obtain the result
yp = 1, which we can quickly verify by inspection. For the case g(z) = 22, we obtain
up = —z and us = (=2 — x)e”?, with the result y, = —2 — 22 — 2. We can use this
particular solution, but there is actually an easier one. We have y, = —2y; — 22 and
L[y,] = 22, from which it follows that L[—x?] = 2. Now, by linearity, we know that

Lla + b(—2?)] = aL[1] + bL[—2?%] = a + ba*;

hence, a particular solution of L[y] = a + bx? is y, = a — bz?.

(c) Using the general formulas for v} and u} from part (b), we have uj = —2P~2 and
u’2 = (zp_2 + l’p_l) e~*. Now we note the reduction formula

/a:me“ der = —xMe " + m/wM1ex dzx.

49



Chapter 4: Nonhomogeneous Linear Equations

Applying this to the second term of u) yields ug = —aP~le % + pfa:p_Qe_x dx. We
therefore have the particular solution

1
Yp = ULY1 + U2y = — P S + pe® /xp_Qe_x dx.
p—1 p—1

The reduction formula shows that the remaining integral yields the term —paP=2, fol-
lowed by additional terms that clearly all are power functions with powers from p — 3
down to 0. Hence, the particular solution is a polynomial. There is an easier way to
show that the particular solutions are all polynomials, and that is by looking for such a
solution. A bit of calculation shows that

Licpz? + cp_lscp_l + cp_zxp_2 +- - tar+ce =

(L=p)eya? +(2—p) (cp1—pep)2? +(3p) [ep2—(p—1)epor]a? =+~ (ea=Bes) +(co—c1).

Setting this result equal to x, results in a set of p equations for the p + 1 unknowns cg
to ¢,. However, observe that choosing ¢; = ¢g = 0 reduces the number of unknowns to
p—1 and reduces the number of equations to p—1 as well. The equations are decoupled,
so there is clearly a unique solution.

(d) Note that E}(z) = —z~!e~® by the fundamental theorem of calculus. Using the general
formulas for v} and u) from part (b), we have v = —z~! and v}y = (z71 +1) e
Thus, u; = —Inx and uy = —e~* — Ej(x). We therefore have the particular solution

yp=—1—(14+2z)Inzx — e"Ey(x).

15. (a) The characteristic values are A\ = +i, so the complementary solution is y. = ¢ cost +
cosint. The systems of equations produced by variation of parameters is

uj cost + uhsint = 0
—uf sint + uhcost = g(t)

The solution to this system is

U= - f(fg(s) sin sds
Uy = fgg(s) cossds.

The particular solution is
¢ t
y = sint/ g(s) cos sds — cos t/ g(s)sinsds.
0 0

(b) Substituting g(¢) = sint into the above integrals yields

¢ 1
/ sin s cos s ds = — sin?¢

0 2

and

2 2 2 4 2

Thus a particular solution in this case is

t t
1 1 1 1 1 1
/sinQSds:/ *—*COSQSdSZ*t—i-*Sith:*t—isintCOSt.
0 0

1'% 1t t+1't 2¢ 1't 1t t
= — S1n — —1 COS — S1nt CcoSs = — SNt — —TUCOST.
Yy=35 2 2 2 2

50



Section 4.6

(¢) The solution is given by the same integrals used in part (b), except that the function g
is 0 after time 7. The upper limit of integration is therefore the smaller of ¢ and T. It
follows that for ¢ > T, the solution is

1 1
Yy = §sin2Tsint+ i(sinTcosT—T) cost.

(d) The amplitude of the steady state solution is

1 1
A= 5\/sin‘*T+sir12Tc<>s,2T— 9T sinTcosT + T2 = 5\/sm?T— 9T sin T cos T + T2.

See Figure 38.
(e) See Figure 38.

PN W b
o

Figure 38: Exercise 4.6.15

17. (a) yp = wiy1 + u2y2 + uzys

(b)

Y1 Y2 Y3 uy 0
YioYh s u, | =10
T U3

(c)
o Gpys—yyzg)  ,  —(ys — w3y, (s — iye)g

uy = , Uy = Uy = .
Y Wiy, ye, vs] 2 Wy, y2, ys] 5T Wlyi, ye, ys)

19. The characteristic values of L are —1,1,2, so the complementary solution is y. = cie! +

coe + cge". The Wronskian is Wy1,ys, y3] = 6e*. From Exercise 17, uj = —3, uj = fe ™",
and uf = %th, SO U] = —%t, Uy = —%e*t, and uz = %ezt. A particular solution is then

1 1
Yp = ulet + ugth + ’LL3€_t = (—4 — 2t) et

One could also get y, = (% — %t) e! by numbering the terms of the complementary solution
in a different order.

21. (a) The characteristic values of L are A = 0,0,—1,1. Writing the homogeneous solution
using hyperbolic functions, y. = ¢1 + cox 4 c3sinh x + ¢4 cosh z.

(b) If yp = — [o sw(s)ds + z [ w ds—l—fo sinh(s — x)w(s)ds then y, = fox w(s)ds +
Iy —cosh(s z)w(s)ds and y; = + [ sinh(s—z)w(s)ds and ) = [ — cosh(s—z)w(s)ds
and y" = —w(z) + ¢ sinh(s — z)w(s)ds.
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()

The condition y(0) = 0 implies that ¢4 = —c;. The condition ¢/(0) = 0 implies that
c3 = —co. Thus, we have the 2-parameter family

Yy = —/ sw(s) ds—I—x/ w(s) ds+/ sinh(s—z)w(s) ds+¢1(1—cosh z)+co(z—sinh z).
0 0 0

Substituting

w(z) = 0, if <09
110, if 09<2<1

into the expression for y, yields 0 for z < 0.9 and y, = 10 [o[z — s + sinh(s — z)] ds.
Thus,

|0, <09
up() = { 5(z —0.9)2 + 10 — 10cosh(z — 0.9), 0.9<z < 1

The boundary conditions at x = 1 reduce to the equations
(cosh1)ep + (sinh1)ea = 10 — 10cosh 0.1,  (sinh1)ep + (cosh1)ea = —10sinh 0.1,

from which we obtain ¢; = 10cosh 1 —10cosh 1 cosh 0.1+ 10sinh 1sinh 0.1 = 10(cosh 1 —
cosh 0.9) and cg = —10sinh 1+10sinh 1 cosh 0.1—10 cosh 1 sinh 0.1 = 10(sinh 0.9—sinh 1).

The solution is given approximately by
y = 1.100(1 — cosh ) — 1.487(z — sinh z) + y,,

where y,, is given in part (d).

.0.054 020.4 0.6 0.8 1
0.1+
-0.15 +
-0.2 4
-0.25 +
-0.3 4+

Figure 39: Exercise 4.6.21
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Section 5.1

1. The population will increase if p’ > 0. This will occur when 1—p/10 > 0, or p < 10. Similarly,
the population will decrease when p > 10.

3. (a) This is not a predator-prey model because x and y increase in the presence of each other.
This would model a cooperative or symbiotic relationship.

(b) This is a predator-prey model. = decreases in the presence of y and y increases in the
presence of x. Thus x is the prey and y is the predator.

(c) This is not a predator-prey model because x and y decrease in the presence of each
other. This would model a competitive relationship.

5. (a) x decreases in the presence of y and y increases in the presence of = so they are not
competing. This is a predator-prey model.

(b) x decreases in the presence of y and y decreases in the presence of x so they are com-
peting. However, this is not a realistic model because y is not self-limiting. It doesn’t
make any sense for the growth rate of y to be arbitrarily large in the absence of x.

(c) x decreases in the presence of y and y decreases in the presence of = so they are com-

peting.
7. b
X = —=x, Yzfy, and 7 =rt.
a t
First replacing the dependent variables,
dX dX dz dY dY dy
— =——=7r(X-YX —=——=q(Y - XY).
g " bow T a ™ )
Replacing the independent variable,
dX dX dt dY dY dt
dr dt dr ( ) dr dt dr kY ( )
where k = a/r.
9.

Friaii A szy and . = cszy —my.

11. (a) The recovery of infectives increases the susceptible population, so we have

ds dI

— =—rSI I, — =—I+7rSI.

a T g T T

(b) The infection process requires both an infected person and a susceptible person. In both
cases, it makes sense that doubling the number should double the rate of the process.
Thus, the rate should be proportional to each population. Similarly, the rate of recovery
should be expected to double if the number of sick people is doubled.

13. (a)

dw = —kwx and d—x = ckwx — mx.

dt dt

53



Chapter 5: Autonomous Equations and Systems

(b) First replacing the dependent variables,

aw  dW dw dX dX dx
AT dw o - e g T g g e WX
Replacing the independent variable by 7 = t/t, yields
dw  dW dt dX dX dt
— = — = —kx,t, X, — = —— = kcw,t, WX —mt, X.
-~ dt dr " ar = dr a7 reetr WA —m

(c) All dimensionless parameters disappear if t, = 1/m, w, = m/ck, and z, = m/k.
The system of this exercise is known as the chemostat.

Section 5.2

1. See Figure 40.

N

=

f f y
/2 -1 1
0 -

Figure 40: Exercises 5.2.1 and 5.2.3

'
w N

See Figure 41.

3. (a) The equilibrium solutions are y = 0, +2.
(b) See Figure 40.
(c) See Figure 40.
(d) The solution y = 0 is stable and the solutions y = +2 are both unstable.
5. (a) The equilibrium solution is y = 0.
(b) See Figure 41.
(c) See Figure 41.
(d) The solution y = 0 is unstable.
7. (a) The equilibrium solution is y = 0.
(b) See Figure 41.
)
)

The solution y = 0 is stable.
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y y
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0.2 '\
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Figure 41: Exercises 5.2.5 and 5.2.7

9. Exercise 4. The critical value is the unstable critical point y = 1.

13. The equilibrium solution is = A. The full solution can be found by separation of variables
to be
r=A— Ae Bl

From A/2 = A — Ae B!, we have t = (In2)/B.
15. (a) First replacing the dependent variables,

dy _ dydp _

= =ry(1 —y) — Ey.
it = dp dt ry(l —y) — By

Replacing the independent variable then yields

dy  dy dt
& drdr YY) hy

(b) If E > r, then h > 1 and % = —y% — (h — 1)y is always negative so the population will
decrease.

(¢) From ¢’ = y(1 —y — h) with h < 1, we have the equilibrium solution y. =1 —h > 0.
The phase line must be in the form shown in Figure 42; hence, vy, is stable.

(d) Since h can have any value between 0 and 1, y. can have any value between 0 and 1.
See Figure 42.

(e) We have Y (h) = hye = h(1 — h). See Figure 42.

(f) The maximum occurs when h = 1/2, as this is the vertex of the parabola.

0. 25
0.2
0.15
0.1
0.05

Ye

} } } } y
. . . . h -0.05 0.2 0.4 0.6 0.8 1
T T T T I\ i

0.2 0.4 0.6 0.8 1 0.

Figure 42: Exercise 5.2.15, parts (c), (d), (e)
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Section 5.3

1. The trajectories are found by solving

—T = %(—ﬁy)-

The solution, via separation of variables, is x = y?/2 + c¢. A sample of the trajectories can
be found in Figure 43.

Figure 43: Exercises 5.3.1 and 5.3.3

3. The trajectories are found by solving

z_dy 2
e —dey.

The solution, via separation of variables, is e* = y> + ¢. A sample of the trajectories can be
found in Figure 43.

5. Let v = 3. Then we have the system v = 3/, v' = —y%. The trajectories are found by solving

dv
— 2 = —.

The solution, via separation of variables, is y3 = %1)2 + ¢. A sample of the trajectories can
be found in Figure 44.

7. The trajectories are given by

Y(1-X)= %X(l —Y).

The solution, via separation of variables, is Y — X +¢ = In(Y/X). A sample of the trajectories
can be found in Figure 44.
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v Y
24
1.5+
y 11
0.5

—_—

I + + + X
0.5 1 1.5 2

Figure 44: Exercises 5.3.5 and 5.3.7

9. The trajectories are given by

dY
02Y (X —1)=—X(1-Y).
(X —1)= S X(1-Y)
The solution, via separation of variables, is 0.2X + Y = In(YX%2) + ¢. A sample of the
trajectories can be found in Figure 45. The parameter k determines the relative amount of
fluctuation of predator relative to prey. Smaller values of k make the predator fluctuations
smaller.

Y
35 +
30 4
Y 25 +
2 ~
1.75 20 +
1.5
1.25 15+
1 1
0.75 10
0.5 5 1
0.25
} } 1 1 X + X
1 2 3 4 10

Figure 45: Exercises 5.3.9 and 5.3.11

11. (a) Let = be the first force and let y be the second force. The population of the first
force decreases in proportion to the population of the second force and the second force
decreases in proportion to the population of the first force present. This is consistent
with the assumption that both forces are lined up and firing from a distance.

(b) The trajectories are given by
dy
—x = —"(—y).
)
The solution of this, via separation of variables, is

r=+y*+ec

o7
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()
(d)

Let (0) = 2y(0). Substituting this into the solution to find ¢ yields ¢ = 3y%(0). Thus
r = /y? + 3y2(0). Now we want to find x when y = 0. Thus = v/3y(0) = v/32(0)/2.

Let £(0) = 33 and y(0) = 27. Then ¢ = 332 — 272 and when y = 0, v = /332 — 272 ~
18.97 =~ 19 French ships.

See Figure 45. The trajectory containing the point (33,27) is dashed.

Since ' = —v,

Let = e". The characteristic polynomial is 7> — 1 = 0. The characteristic values are
r = +1. The solution can be written as x = c¢jet + coe™t
of hyperbolic functions. Using the initial data

, or it can be written in terms

xro — X
5= 2o y0€t+ 0+y0€_t

2 2

= zocosht — ypsinht.

Since zg < yo, the battle ends when z = 0, so we must solve

o — Z
_To—Yo .t 0+ Y0

2 2

0

to find ¢ = In((yo + 20)/(yo — 0)). Alternatively, the hyperbolic formula yields ¢ =
arctanh xq/yo, which is equivalent.

The battles of 23 British ships against 17 French ships and 16 French ships and 4 British
ships would end at the times

1 1
tp = 5111(40/6) ~0.948, tp= 3 In(20/12) ~ 0.255,

respectively. Thus the 15 French ships from the second battle would join the first battle.
This would give the French fleet numerical superiority and thus a victory in both battles.

ds _

15. We begin with the system 2 = —rSI, dl — ST — ~I. The equation for the trajectories is
dI/dS = —1 + (v/r)S™1; thus,

17.

dt

as
—rSI = E(TSI —~I).

This can be solved using separation of variables to find I = (yInS)/r — S + ¢. Note that

dl

(a)

% (0) =rSoly — vIo = Io(rso — ), so 7Sy — 7 > 0 is necessary for I to increase.

Let x be the height. The governing differential equation is 2”7 = —g, and the solution
is = —gt?/2 + c1t + co. The initial conditions are z(0) = 3 and 2/(0) = 0; thus, the
solution is = = —%th + 3. We have x = 0 at ¢ = \/%, SO ‘fl—f 6/9g = —/6g and
vy = /6g ~ 7.67 m/s.

The governing differential equation is

d*z dx
2 = —mg—15—.
e T T
When v, = %£(c0) is achieved, the acceleration is zero. Thus ve = —mg/15 = —5g ~

—49 m/s.
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(¢c) The governing differential equation is

d*x dz
—_— = — —1.4m—.
T T T
When v, = %(00) is achieved, the acceleration is zero. Thus ve = —g/1.4 ~ —7 m/s.

(d) It insures that the final speed with the parachute open is less that the maximum safe
impact speed.

(e) The governing differential equation is

d*x dx
— =—g—14—.
az ~ 7T
Let v = %’. Then % = —g — 1.4v. Thus the equation for the trajectories is
d d
v= —x(—g —1.4v) ~ —1.4(7+ v)—x

dv dv’

The solution of this equation, via separation of variables, is
v+ 14 —Tn|7+v| =c.

See Figure 46.

(f) When = = 0, we have v = vy = —/6g, so ¢ (the constant from the last equation) is
approximately —4.85. At the initial moment, v = v, = —5g, and so we can solve for x
to find x ~ 50.23 meters.

R T T T
OO WNBRE

Figure 46: Exercise 5.3.17

19. (a) The equation for the trajectories is

wWw = %(CLQ cosf — 1)siné.

(b) Using separation of variables, the solution is

w2 =a%sin%0 + 2cosd + c.

(c) See Figure 47.
(d) See Figure 47.
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w

-10 - 10

Figure 47: Exercise 5.3.19, parts (c) and (d)

(e) Consider only the case where the initial angular velocity is 0. For the moment, consider
the initial angle to be 0 < 6y < 7/2, indicating that the bead begins below the midpoint
of the hoop. In the system of part (c), the hoop is spinning at a relatively slow rate,
and the trajectories indicate that the bead will oscillate from 8 = 6y to 6 = —6, similar

to an undamped pendulum. When the rotational velocity is greater than 1, the system

becomes qualitatively different. There are equilibrium points at § = +arccosa™2 as

well as at § = 0. With damping, the system would eventually approach one of these
equilibria. In the undamped system, the bead oscillates about one of these equilibria
instead. Larger initial angles allow the system to oscillate about all of the equilibria.

Section 5.4
1. In the (r,¢) plane, the critical points are (0,0) and (4,3/2).
3. In the (z,y) plane, the critical points are (nm,n7) for any integer n.

5. The point (0,0) is an unstable saddle point. See Figure 48.

o
\ \)iﬁ\ii
H)//g/'ﬁ\

Figure 48: Exercises 5.4.5 and 5.4.7
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7. The point (0,0) is an asymptotically stable equilibrium point. See Figure 48.

9. The point (0,0) is a stable center. See Figure 49.

////_'2 PPl
s ol el el

Figure 49: Exercise 5.4.9

11. (a) The critical points are (0,0) and (1,1).
(b) See Figure 50.
(c) The points (0,0) and (1, 1) are unstable.
(d) The saddle point is (0, 0).
(e) See Figure 50.
NN S AN N
///\\ NS S \\2‘ N
AN <L INN
o AN AN N
T L ARE I TEE
ALY O
N CTIRON N s B IO N O
»a\‘\_* NN s »H\\_*?’\\\\\\
Figure 50: Exercise 5.4.11
13. (a) The critical points are (0,0) and (2,1).
(b) See Figure 51.
(¢) The point (0,0) is stable and (1,1) is an unstable saddle point.
(d) The saddle point is (1,1).
)

(e) See Figure 51.
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15. Letting v =1/, we get

in the (r,v) plane. The only critical point is (1,0). See Figure 52. The point (1,0) is a saddle
point.

1 2

0.54 /%:J:E
l/’//‘;//

o H/////:i

Figure 52: Exercise 5.4.15

Section 5.5

1. All trajectories in regions B and D must exit these regions. Hence, the origin must be a
saddle and regions B and D must contain separatrices. See Figure 53.

3. The point (3,2) is a critical point. No conclusion is possible based on the nullclines alone.
See Figure 54.
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Figure 53: Exercise 5.5.1
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Figure 54: Exercise 5.5.3

5. All trajectories in regions D and F must exit these regions. Hence, the origin must be a
saddle and regions D and E must contain separatrices. The flow in region F is sufficient to
establish that (1,1) is unstable, and examination of the other regions shows that it is not a

saddle. See Figure 55.
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Figure 55: Exercise 5.5.5

7. All trajectories in regions B and G must exit these regions. Hence, the point (2,1) must be
a saddle and regions B and G must contain separatrices. No claims regarding the stability
of the origin can be made from the nullclines. See Figure 56.
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Figure 56: Exercise 5.5.7
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9. The system for the bubble growth equation is

11.

The nullcline diagram is shown in Figure 57. Consider first the case where the bubble size
is momentarily fixed, that is, v = 0. If rg > 1, then the trajectory enters region B and the
bubble grows at an accelerating rate. If o < 1, then the trajectory enters the region D and
the bubble rapidly disappears. Initial conditions in regions A or C' eventually lead to one of
the two regions B or D.

(a)

<vD

Figure 57: Exercise 5.5.9

The nullcline diagram, shown as the first plot in Figure 58, predicts that solutions
will move out of regions A and C' and into regions B and D. Once in B and D, the
trajectories move toward the point (a,0) or (0,b). Yes, this does qualitatively describe
a relationship between the two species that can be characterized as competing; indeed,
the two species do not coexist for long. Depending on the initial data, one of the species
will eliminate the other.

If a < 1 and b < 1, the nullcline diagram changes to the one shown in the second plot of
Figure 58. Here all trajectories converge to the equilibrium point x = (a —ab)/(1 — ab),
y = (b —ab)/(1 — ab). This describes a competing relationship in which the species
share the ecological niche. In fact, there are biological arguments that indicate that this
case should not occur in nature; this is called the law of competitive exclusion. The
mathematical model is therefore flawed, but it is a flaw that is corrected simply by
adding the requirements a > 1 and b > 1 to the model.

Y Y
b 1
A A

R K

N X,

1 a a 1

Figure 58: Exercise 5.5.11, parts (a) and (b)
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Section 6.1

1. The solution of the first equation is = c1e®. Substituting this into the second equation

yields i = c1e3! — 2y. The solution of this equation is y = %clegt + cpe 2L,

3. (a) Differentiating the first equation yields 2" = —32' — /. Expressing ¢ in terms of z
and 2’ gives us y' = 2’ + 4x. Thus 2"/ = —42’ — 4x. The characteristic polynomial is
r2 4+ 4r + 4. The characteristic value is r = —2; therefore,

x=(c1+ CQt)€72t.

Substituting this into y = —2’ — 3x yields
y=—(c1+ca+ Cgt)672t.
(b) See Figure 59.

Figure 59: Exercises 6.1.3 and 6.1.5

5. (a) Differentiating the first equation yields #” = —22/ 4+ ¢/. Expressing ¢ in terms of x
and z’ gives us y = —1 —2/. Thus 2’/ = —32" — 1. The homogeneous problem is
2" + 32’ = 0. The characteristic polynomial is 72 4+ 3r. The characteristic values are
r = 0,—3. The solution of the homogeneous problem is = ¢; + coe™3!. A solution to

the nonhomogeneous problem is x = —%t; therefore,
1
xr=c + 626_3t — —t.
3
Substituting this into y = —2’ + 2x + 1 yields
2 2
=2c; —coe 3t 2 — 2t
Yy 1 2 373

(b) See Figure 59.

7. (a) Differentiating the first equation yields 2/ = —22’ — 3y’. Expressing ¢y’ in terms of z
and 2’ gives us 3y’ = 22’ + 13z. Thus 2" = —42’ — 13z. The characteristic polynomial
is 72 4+ 47 +13. The characteristic values are r = —2 4 3i; therefore, x = e~2(cy cos 3t +
¢ sin 3t). The initial conditions show ¢; = 4. Substituting this into y = —22/3 — 2//3
and using the initial conditions yields

r=e**(4cos3t —2sin3t),  y=e *(2cos3t + 4sin3t).
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9.

11.

13.

(b) See Figure 60.
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Figure 60: Exercise 6.1.7

Differentiating the second equation yields 3" = —2'+3y’ = 3y’ —2y—cos 3t. The homogeneous
problem is 5" — 3y’ +2y = 0. The characteristic polynomial is 72 — 3r + 2. The characteristic
values are r = 1,2. The solution of the homogeneous problem is y = cie! + cpe?. A
solution to the nonhomogeneous problem via the method of undetermined coefficients is
Yp = % cos 3t + 1%0 sin 3t; therefore,

7 9
Yy = clet + CQ€2t + 130 cos 3t + 130 sin 3¢.

Substituting this into z = 3y — ¢/ yields

3 24
T = 261€t + 02€2t 6 cos 3t + o sin 3t.

Differentiating the second equation yields v/ = —z/ + ¢/ = 4y — e~?*. The homogeneous

problem is y"” — 4y = 0. The characteristic polynomial is 72 + —4. The characteristic values
are r = +2. The solution of the homogeneous problem is y = ci1e? + coe™ 2. A solution
to the nonhomogeneous problem via the method of undetermined coefficients is y = Le=2t;

1
therefore,

1
Yy = cire?t + (62 + 4t> e 2

Substituting this into z = ¢ — y yields

1 3
2t 2t
= - - 7t .
r=ce’ + < 3¢ + > e

Subtracting the second equation from the first yields the equation 2" — 2’ + y = 1. Differen-
tiating this yields " — 2" +4y' = 0, or " — 2" — 2’ + © = 0. The characteristic polynomial
isrd—r2—r+1=(-1)>%r+1),s0

x = (c1 + cot)e! + cze .
Substituting this into y = 1+ 2’ — 2" yields

y=1-— czet — 2636_t.
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15. We begin with the system

d d
d;: =R-5rz+nry d—ZZ =drix —ryy.

Nondimensionalization using Equations (2) in the text yields the system

X' =1-5X+Y Y'=4X -Y O0<7<T
X'=-5X+Y Y =4X-Y T<r
Graphical Analysis: The point (1,4) is a stable equilibrium point if 7 < T'. The point (0, 0)
is a stable equilibrium point for 7" < 7. See Figure 61. The first diagram is for 7 < T and the

second is for 7 > T. The whole discussion for Model Problem 6.1 is qualitatively the same
here. One only needs to replace the point (3, %) by (1,4).

- Bt - -
b

LIS _JC

X X

Figure 61: Exercise 6.1.15 (nullcline diagrams)

Symbolic Analysis: First we solve the system for 7 < T'. Differentiating the second equation
yields Y = 4X’—Y’. Expressing X’ in terms of Y and Y’ gives us 4X’ = —5Y’'—Y +4. Thus
Y" = —-6Y'—Y +4 with Y(0) = Y’(0) = 0. The homogeneous problem is Y +6Y' +Y = 0.
The characteristic polynomial is r2 4+ 6r + 1. The characteristic values are r = —3 + 2v/2.
For convenience, let A\; = —3 4+ 2v/2 and Ay = —3 — 2v/2. The solution of the homogeneous
problem is then Y = ¢;eM7 + ¢e*27. A solution of the nonhomogeneous problem is Y = 4.
Using the initial conditions, we obtain the result

QGMT _ ﬂekﬂ‘
V2 V2

Substituting this into X = 1(Y’ +Y") yields

Y =4+

X =1+ L)‘QQMT _ 1—'—7)‘1(3)\27"

42 4/2

The sum is
1+5>\2€)‘1T— 1+5)\16)\27.
42 42 '

Repeating the above steps for 7 > T, we obtain Y” 4+ 6Y’+Y = 0, which is the homogeneous
equation above. The solution, using the requirement that the solutions must be continuous

X+Y =5+
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17.

at T="1T,is

A2 “aT) A A1 2T\ A
Yz—(l—e 1)6”——(1—6 2)62T,
V2 V2

X = 1+ (1 — e_A1T> eMT — 1+h (1 — 6_’\2T> 2T
4y/2 42 ’

X4+Y = L+5% (1 — e_)‘lT) eMT — L+5h (1 — e_’\2T> et
442 42

See Figure 62 for graphs of X, Y and X +Y with T' = 2.

gL N o1 w o

Figure 62: Exercise 6.1.15

%:R—k3x+k4z—r1x+k2y—k1x
d
dit/:kliﬂ—/ﬁzy—my
d
£:k3$—k42

(b) With the given data, the equilibrium solution is the solution of the linear system

—0.0361 0.0124  0.000035 T —49.3
0.0111  —0.0286 0 y | = 0 ;
.0039 0 —0.000035 z 0

thus, = ~ 1800, y ~ 699 , and z ~ 200582.

(c) See Figure 63. The curve that levels off at the highest value is z, the curve that levels
off at the lowest value is y, and the curve that continues to increase is z.

(d) After just one year, the lead in the blood and tissues is close to its equilibrium value.
The lead in the bones is still increasing rapidly after 100 years. (Historical evidence
strongly suggests that the cause of death for former President Andrew Jackson, who
lived a long life, was lead poisoning. The lead came from a bullet that hit Jackson when
he fought a duel as a young man.)

(e) The constant k4, which governs the only mechanism by which lead can leave the bones,
is much smaller than the other parameters. Thus lead is allowed to enter the bones
relatively freely but cannot exit easily. The result is a continuing rise in the amount of
lead in the bones over time.

69



Chapter 6: Analytical Methods for Systems

(f) See Figure 64. The graphs here are qualitatively the same for 0 < ¢t < 400. However the
plot of z for large ¢ is dramatically different. The symbolic solver (on both Mathematica
and Maple) overestimates the the solution and has it departing from the equilibrium
point. The numerical approximation from part (c) looks more reasonable because it
matches the qualitative behavior found in part (b).

z
2000 +

140000.
1500 + 120000.
100000.
1000 + 80000
60000
500 + 40000
= = . Lo 20000

t t t t t

100 200 300 400 10000 20000 30000 40000

Figure 63: Exercise 6.1.17c

2000 140000.
120000.
1500 + 100000.
80000
1000 + 60000
500 4 40000
20000

} } } ot . = i Fot

100 200 300 400 500 1000 1500 2000

Figure 64: Exercise 6.1.17f

Section 6.2

1. The null-space is x = 0.

-1 10 1 -1 0
3. -2 2 0|13 01
3 01 0 00
1
If z1 =1, then 29 = 1 and x3 = —3; hence, the null-space is x = ¢ 1
-3

5. det(A — AI) = A2 — 4\ + 3 = (A — 3)(A — 1). Thus, the eigenvalues are A = 1, 3.
00y /11 (=2 0)\_/(10
A—I_<2 2>:<0 0>’ A_3I_< 20)‘(0 0)’
. . 1 0
so the corresponding eigenspaces are ¢ ( 1 > and ¢ ( 1 >
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7. det(A — AI) = A2 45X +6 = (A + 3)(\ + 2). Thus, the eigenvalues are A = —2, —3.

A—I—ZI:(

9. det(A —AI) = A3+ A2+ X —1=—(A—1)%\

-7 -1 2 3
A-1= 3 10 || -7 —

—14 -2 4 0

so 1 = 1 implies 9 = —3 and x3 = 2.
-5 -1
A+I= 3 3
—-14 -2

so o = —1 implies 1 = 1 and x3 = 2.

The corresponding eigenspaces are ¢

1 —2\_(1 -
1 -2 )7 \o

so the corresponding eigenspaces are ¢

-3

N

-1

2 2\ (1
1 -1)"\o o)

Yt 1),

)*(A+ 1). Thus, the eigenvalues are A = 1, —1.
1 0 3 10 3 10
1 2 | = -4 0 2 | = -2 0 1 ],
0 0 0 0 0 0 00

1 1 0 1 10

0 42|02 1],

0 12 6 0 0 0
1

and ¢ | —1 |. This matrix is deficient.
2

11. det(A — M) = = A3+ 6X2 —5A — 12 = —(A = 3)(A —4)(A + 1).
Thus, the eigenvalues are A = 3,4, —1.
0 20 1 10 100
A-3I=1 2 -3 0 )|=|0 20|=]1010]|,
1 10 0 =5 0 0 00
so x3 = 1 implies 1 = 0 and x5 = 0.
-1 2 0 1 -2 0
A 41 = 2 -4 0 |={0 3 -11,
1 1 -1 0 0 0
so xo = 1 implies x3 = 3 and z1 = 2.
4 2 0 2 10
A+I=|( 21 0 |=| -1 0 4],
11 4 000
so x3 = 1 implies 1 = 4 and x9 = —8.
2 4
The corresponding eigenspaces are c ,cl 1 J,andc| —8
3 1
13. det(A — M) = = A3 +6X2 — 1IN +6 = —(A — 1)(A = 2)(\ — 3).
Thus, the eigenvalues are A = 1,2, 3.
2 2 2 1 11 1 01
A-1= 1 3 1 ]1=10 20 |=]1010],
-2 —4 =2 0 -2 0 0 00
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so r1 = 1 implies x3 = —1 and z9 = 0.
1 2 2 1 2 1 1 20
A-2I= 1 2 112100 1100 1],
-2 -4 -3 0 0 -1 0 00
so x9 = —1 implies 1 = 2 and x5 = 0.
0o 2 2 1 1 1 1 00
A—-3I= 1 1 1 =10 1 1 |=(011],
-2 —4 —4 0 -2 =2 0 00
so xz = 1 implies o = —1 and z1 = 0.
1 2 0
The corresponding eigenspaces are ¢ 0 J,c|l -1 |,andc| -1
-1 0 1

15. det(A — AI) = —A3 + 502 =8\ +4 = —(\ — 1)(\ — 2)%. Thus, the eigenvalues are \ = 1, 2.

4 -6 —6 1 -3 -2 1 0 -1
A-I=( -1 3 2 |=]10 6 2 |=]103 1],
3 —6 =5 0o 3 1 00 O
so o = —1 implies 3 = 3 and 1 = 3.
3 -6 —6 1 -2 =2
A-2I=| -1 2 2 |=(0 0 0],
3 —6 —6 0 0 O
so eigenvectors must satisfy z1 = 2x9 + 2x3.
3 2 2
The corresponding eigenspaces arec| —1 | ande; [ 1 | +¢c2 | O |. This matrix is not
3 0 1

deficient.
17. det(A — AI) = =23 + 202 — X = —\(A — 1)2. Thus, the eigenvalues are A = 0, 1.

-1 10 1 -1 0
A= -2 2 0 |=|3 01],
3 01 0 00
so x1 = 1 implies o = 1 and x3 = —3
-2 10 1 00
A-I={( -2 10 |=]1010]|,
3 00 0 00
so x3 = 1 implies 1 = 0 and x5 = 0.
1 0
The corresponding eigenspaces are ¢ 1 andc| O
-3 1

This matrix is deficient.
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Section 6.3

Many of the exercises in this section use eigenvalues and eigenspaces from the corresponding prob-
lems in Section 6.2.

1
1. The linear trajectories are the eigenspaces c ( 1 > and ¢ < (1) ) See Figure 65

\\
i
—
TN e
— T
O~

™~

R
\ Is\ T

I\
/NN

fl
13

Figure 65: Exercises 6.3.1 and 6.3.3

3. The linear trajectories are the eigenspaces ¢ ( f ) and ¢ ( 1 ) See Figure 65

det(A = AI) = (2—=XN)(—1—X)
and

0 1\ _/01 (31
A—21—<0 _3>:<00>, A+I—<OO>.
The eigenvalues are A = 2, —1, and the corresponding linear trajectories are vectors

() ()

See Figure 66.

det(A — AI) = A2 + 4) + 13.
The eigenvalues are

A= -2+ 3.
Thus there are no linear trajectories. See Figure 66
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Figure 66: Exercises 6.3.5 and 6.3.7

det(A — AI) = (A + 4)(A — 3)

5 5\ (1 -1 [(25\.(25
acai= (5 5)=(y o) ara=(52)=(5 1)

The eigenvalues are A = 3, —4, and the corresponding linear trajectories are vectors

(1) (2)

and

See Figure 67.

y

NN YL
RS
\\\\?\;??
SFONT ERAR R
SO
S AN
RZARC RN

P A AN A

Figure 67: Exercises 6.3.9 and 6.3.11

11.
det(A — AI) = A+ 7)(A+ 1)

-2 2\ (1 —1 (4 2\ (21
A+L—<4 4>:(0 0), A+n<42>_<00>.
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The eigenvalues are A = —1, —7, and the corresponding linear trajectories are vectors
c ! c L
1)’ -2 /-
See Figure 67.
1 1
13. The linear trajectories are the eigenspacesc| —3 | andc| —1
2 2
15. The linear trajectories are the eigenspace ¢ | —1 | and all lines in the plane z; = 229+ 2x3.

3

Section 6.4

Many of the exercises in this section use the eigenvalues and eigenspaces from the corresponding
problems in Sections 6.2 and 6.3.

1. The eigenvalues are A = 1,3 and the corresponding eigenspaces are ¢ ( _i ) and ¢ < (1) )

1
The general solution is x = ¢ < . >et +c < (1) )e?’t. The initial conditions then yield

_ LY 0\ 3
x—3<_1>e+<1>e.

1
3. The eigenvalues are A = 1,3 and the corresponding eigenspaces are c ( 1 ) and ¢ ( (1) >

The general solution is
1 0
X=cC ( 1 )6t—|—62( 1 )e?’t.

The origin is a source. See Figure 68.

Figure 68: Exercise 6.4.3
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2 1
5. The eigenvalues are A = —2, —3 and the corresponding eigenspaces are ¢ < 1 > and ¢ < 1 ) .

X =cC ( ? )6_2t+62< 1 >e‘3t.

The origin is a sink. See Figure 69.

The general solution is

N
Qi S
NN
A
e

23—+
-

N
Yl
N

Figure 69: Exercises 6.4.5 and 6.4.7

1
7. The eigenvalues are A\ = 2, —1 and the corresponding eigenspaces are c < 0 ) and ¢ < _3

X = ( (1) >62t+62< _; >e‘t.

The origin is a saddle. See Figure 69.

The general solution is

4 -1 -
Thus the eigenvalues are A = 3, —2. The origin is a saddle. See Figure 70.
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Figure 70: Exercise 6.4.9
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11. The matrix is deficient, so the linear trajectories alone are not enough to construct the general
solution.

13. The eigenvalues are A = 1,2 and the corresponding eigenspaces are

3 2 2
c|l -1 |, ci|l 1 | +e2| O
3 0 1
The general solution is
3 2 2
X=c 1 e+ g 1 +co| O e?t
3 0 1

0 2 4
c|l 0 |, c|l 1 |, c| —8
1 3 1
The general solution is
0 4
x=c | O et + | 1 ettt es| -8 |et

—_
w
—

Section 6.5

1. (a) P(M\) = A? +4; thus, the eigenvalues are A = +2i and the origin is a stable center.

, 2 1 L
(b)A—QzI_(_4 —2z’>:

—9i 1 ..
( 0 ! 0 >, so an eigenvector associated with A = 27 is

1 . 2t 4 i sin 2
vV = ( 0 ) From the complex solution (cos 2t + isin2t)v = ( cos 2t 41810 2t ),

—2sin 2t 4+ 2¢ cos 2t

. . . cos 2t sin 2¢
we obtain (by Algorithm 6.5.1), the general solution x = ¢; ( oot > +eo ( 9 cos Ot ) :

The solution of the initial value problem is
_ cos 2t — sin 2t
*=\ —2cos2t —2sin2t /-
3. (a) P(\) = A2 — 6\ + 10; thus, the eigenvalues are A = 3 + i and the origin is an unstable
spiral.

(b) A-—(3+i)I= ( :i _11 ) = ( _OZ (1) ), so an eigenvector associated with A =3 £

1
isv= ( ; ) From the complex solution

N o 3 cost+isint
t t = . .
e’ (cost +isint)v=e < —sint +icost /)’

7
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we obtain (by Algorithm 6.5.1), the general solution

3¢ cost sint
x=e" | . + co .
—sint cost

The solution of the initial value problem is
X — o3 2cost +sint
- cost —2sint /)’

5. (a) P(\) = A% 4 4\ + 13; thus, the eigenvalues are A = —2 4 3i and the origin is an
asymptotically stable spiral.

. —3-3 -9 1+¢ 3 . .
1 [
(b) " A+ (2-3i)I = ( 9 3_ 3 ) = ( 0 0 >, so an eigenvector associated

with A= —-243iisv = < 1__32. . From the complex solution

e ?(cost +isint)v =e % ( ( —3cos3t — 3isin 3t > ’

cos 3t — sin 3t) + i(cos 3t + sin 3t)

we obtain (by Algorithm 6.5.1), the general solution
x =2 ¢ —3 cos 3t te —3sin 3t
'\ cos3t —sin3t 2\ cos3t +sin3t '
The solution of the initial value problem is
2 —3sin 3¢
a cos3t +sin3t |-

7. (a) P(\) = —(A+1)(A\%2 — 8\ + 20); thus, the eigenvalues are A = —1,4 + 2i and the origin
is unstable.

3 20 1 0 0
A+I=| 470 ]|=|l010],
0 00 0 0O
—2—-2 2 0 147 =1 0
A+ (-4-20)I= —4 2—2 0 = 0 0 1 ;
0 0 —5—21 0 0 0
0 1
thus, v = 0 and v = 142 are eigenvectors associated with A = —1 and
1 0
A = —4 + 2i, respectively. The general solution is
0 cos 2t sin 2¢
x=cie | 0 | +coe* | cos2t—sin2t | + 03e4t cos 2t + sin 2t
1 0 0
!Exercise 6.5.5b appears in reprints of the text as “Solve the initial value problem
x' = ( _g _El) ) x, x(0) = ( ? ).” The solution given here is for the updated version of the exercise.
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11. (a)

(b)

()

The initial conditions yield the result
e*(cos 2t — sin 2t)

X = —2eM ¢in 2t

e—t

The governing equations are
= —kiz+k(y—z) y'=—kaly—z)— ksy

A differential equation for x is

0 0 1 0 T

, 0 0 0 1 |y
x = —]{31 — ]{32 ]{32 0 0 % x= .r/
kg —kg — ]Cg 0 0 y’

We have
det(A — AI) = X\* + X2(ky + 2ko + k3) + krko + k1ks + koks;

thus

_ ki =2k —ky V (k1 — k3)2 + 4k3
N 2 2 '

As long as all of the k; are non-negative, A?> < 0; therefore, A must be purely imaginary,
which means that the origin is a stable center.

If ki = k3 = 1 and ky = 4, then A2 = —1,—9. Thus A = +i,+3i. The eigenvectors
associated to A = ¢ and A = 3¢ respectively are

/\2

1 1
1 -1
) d )
1 an 31
) —31
Thus the general solution is
cost sint cos 3t sin 3t
X —c cost Y sint L —cos 3t Y —sin 3t
9 —sint 2| cost 31 —3sin3t ! 3 cos 3t
—sint cost 3sin 3t —3 cos 3t
Thus,
T = cycost+ cosint — c3cos 3t — ¢4 8in 3t Yy = c1cost+ casint + c3 cos 3t + ¢4 sin 3t.

Let b be the equilibrium distance between the two masses. Then the time-dependent
distance is b4+ y — x = b+ 2c3 cos 3t + 2¢4sin3t. This function oscillates with period
27 /3. Similarly, let a be the distance from the left end of the system to the midpoint
between the two equilibrium positions. Then the time-dependent midpoint location is
a+ (y+x)/2 =cjcost + casint. This function oscillates with period 2.
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X y
0.75 0.75
0.5 0.5
0.25 0.25
i i i i i t i i i I i i t

-0.25 2 41\6 10 \12 -0.25 2 4\ 6 (8 10\12
-0.5 -0.5
-0.75 -0.75

Figure 71: Exercise 6.5.11

(f) We are given the initial conditions 2(0) = —1 and y(0) = 0. Both masses are at rest up
to the time when they are released, so 2/(0) = 0 and 3/(0) = 0. Substituting the general
solution into these conditions yields the values of the four constants. The solution is

9 cost— - cos3t 9 cost+ - cos3t
= ——— COSl — — COSs = —— COS — COS .
70 10 =770 " 10

See Figure 71.

Section 6.6

1. P(\) = (A — 1)% thus, the only eigenvalue is A = 1. An eigenvector associated with this

. A generalized eigenvector w satisfies

(= 2)(n)=()

). Thus, the general solution is

1 t+ 1
x:clet< _1)+02€t< —t2 )

The initial conditions yield the solution

[ 2l
- -2t )

3. P(A\) = (A — 1)? thus, the only eigenvalue is A = 1. An eigenvector associated with this

. . 1
eigenvalue is | 1

O N

One such w is w = <

. . 1 . . .
eigenvalue is 1) A generalized eigenvector w satisfies

() (m)=()

). Thus, the general solution is

x—clet( _1 )+026t<t+_1t/3>.

80
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Section 6.6

The initial conditions yield the solution
e 2421t
*TC\s-21 )
. P(\) = () — 3)?; thus, the only eigenvalue is A = 3. An eigenvector associated with this

: : 1 . . .
eigenvalue is 1) A generalized eigenvector w satisfies

(2 ) (m)=(1)

One such w is w = < (1) > Thus, the general solution is

1 t
_ 3t 3t
x=ac <1> e (t+1>'

The initial conditions yield the solution

2+t
_ 3t
x=¢ <3+t>'

. P(\) = (2—)\)(A—1)?; thus, the eigenvalues are A = 2, 1. Eigenvectors associated with these

1 1
eigenvalues are | 0 | and | —1 | respectively. A generalized eigenvector w satisfies
0 1
1 0 -1 wy 1
0 1 1 w2 = -1
0 -1 -1 w3 1
0
One such w is w = 0 |. Thus, the general solution is
-1
1 1 t
X = clth 0 + coet -1 + 03et —t
0 1 t—1
The initial conditions yield the solution
1 —1-2t
x=el| 0 | +¢€ 14+ 2¢
0 1—2t
. P(\) = —(A+4)(A+3)?; thus, the elgenvalues are A\ = —4, —3. Eigenvectors associated with
()
these eigenvalues are | 1 respectively. A generalized eigenvector w satisfies
0
2 0 1 wy 1
2 0 1 wy | = 1
-1 0 -1 w3 -1
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1
One such wisw = | 1 |. Thus, the general solution is
0
0 1 t+1
X = cle*4t 1 + 026*3’e 1 + 03e*3t t+1
0 -1 —t

The initial conditions yield the solution

1+ 2t 0
x=e 3| 142 | —e | 1
1-2¢ 0
11. (a)
-2 1 2
det | 1 =X\ 2 =—-(A+1)>%
-1 -1 —-3-2A
(b) 1 1 2 1 1 2
A+I= 1 1 2 |2(o0oo00],
-1 -1 =2 0 0 0

so eigenvectors must satisfy v1 + v + 2v3 = 0. The eigenvectors

1 2
u=| -1 ], v = 0
0 -1

form a linearly independent set.

(c) 2 To find a generalized eigenvector, one must find a vector w and scalars ¢; and ¢y for
which

x®) =te t(cru+ cpv) + e tw

solves the differential equation. Applying A to both sides yields
Ax®) = te7 (c;Au+ Av) + e TAw.
Differentiating both sides yields
x®' = e Heu + cov) — te H(eru + cov) — e 7w
Equating these yields the matrix equation
(A +I)w = cju+ cov.

The augmented matrix for this equation is

1 1 2 c1 + 2¢o 1 1 2 —C1
1 1 2 —C1 = 0 0 O 2(61 + CQ)
-1 -1 =2 —C2 0 00 —(Cl + 62)

2Exercise 6.6.11c appears in reprints of the text as “Assume that a third solution has the form x® = te™*(c;u +
c2v) + e 'w and find suitable scalars ¢; and ¢z and a suitable vector w.” The solution given here is for the updated
version of the exercise.
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The matrix equation has solutions only if ¢; + co = 0. We can choose ¢; = —1, ¢co = 1;
1
then the equation has a solution w provided wy +wo + 2wz =1. Withw =1 0 |, we
0
have the general solution
1 2 1+1¢
x=cet| -1 + coe! 0 | +c3e? t
0 -1 —t

(d) Using the solutions found above we have

1 2 1
det(¥(0))=| -1 0 0 |=1#0;
0 -1 0

thus, ¥(0) is nonsingular and we have found a general solution.

(e) Substituting the general solution of part (c¢) into the initial conditions yields the equa-
tions ¢1 + 2¢co +c3 =1, —c; = 0, and —co = 0. Hence, the solution is

141t

Section 6.7

1. (a) The critical points are (0,0) and (3, 3).

®) g 3+ 2
_< 3y —4+3x)'
T () G-

The first of these has eigenvalues —3 and —4 and the second has characteristic polynomial
A2 — 12; thus, the origin for the first linearized system is a sink and the origin for the
second linearized system is a saddle.

(d) By Theorem 6.7.1 the origin in the original system is asymptotically stable and the point
(3,3) is unstable.

(e) See Figure 72.

(f) See Figure 72.

(g) The saddle at (%, %) is the key feature in the phase portrait. There are separatrices in
the first quadrant that divide the plane into a region for which all trajectories approach
the origin and a region for which trajectories move in the direction of increasing x and

Y.
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Figure 72: Exercise 6.7.1

3. (a) The critical points are (0,0), (0,3), and (2,0).
b
(b) J— 2-2x—y -
N —y 3—z—2y )

J(()i)):(é g) J(0,3):<:; _g) J(2,0)=<_(2) _f)

The eigenvalues are 2, 3 for the first, —1, —3 for the second, and —2, 1 for the third. The
origin in the three linearized systems is a source, a sink, and a saddle, respectively.

()

(d) By Theorem 6.7.1 the origin and the point (2,0) in the original system are unstable and
the point (0, 3) in the original system is asymptotically stable.

(e) See Figure 73.
(f) See Figure 73.

FY VIR NV

Figure 73: Exercise 6.7.3

(g) As a competing species model, we are primarily interested in the behavior of trajectories
in the first quadrant. In this region, all trajectories approach the asymptotically stable
critical point (0,3). Elsewhere, the positive x axis and the y axis are separatrices.
Solutions in each quadrant remain in that quadrant.
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5.

(a)
(b)

The critical points are (0,0), (1,0), and (—1,0).
0 1
J= < 1—-322 —1 > '

J(0,0)z(? _1) J(l,O):J(—l,O):<_g _1)

The first of these has eigenvalues (—1 4 1/5)/2 and the other two have eigenvalues
(=14 +/7i)/2; thus, the origin for the first linearized system is a saddle and the origin
for the other linearized system is an asymptotically stable spiral.

By Theorem 6.7.1, the origin in the original system is unstable and the points (+1,0)
are asymptotically stable.

See Figure 74.
See Figure 74.

Trajectories in the second quadrant near the origin move down and to the right. Some
move into the first quadrant, while others move into the third quadrant; hence, the null-
cline diagram also shows that the origin is a saddle point and there is a separatrix in the
second quadrant. Similarly, there is a separatrix in the fourth quadrant. Combination
of all information shows that the points (41,0) are spiral sinks. It appears that all
trajectories eventually spiral into whichever sink is on the same side of the separatrix
as the trajectory.

Figure 74: Exercise 6.7.5
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7. 3 By Theorem 6.7.2, we need only compute the quantities

—2 0 -1 1 -1 0
cp =—tr(J) =6, 02:‘ 9 _3’4-‘ 1 _3‘4-‘ 1 _2':10,
-1 0 1 -1 0 1 o
cy = — 1 -2 0|=-— 1 -2 0 :2‘ 9 _3‘:2.
1 2 -3 2 0 -3

The quantities are all positive and cjco > c3; hence, the origin in the original nonlinear system
is asymptotically stable.

11. (a) The critical points are
0=(0,0,0, X=(1,0,0, Y=(,1,0), XY=(1,1,0)
1 1 1 2 — 2r—1
xXz=(:0z), vz=(0:%), XVZ= roar- 1o g
2" 72 22 242 2420 24 2r
The point XY Z exists only for % <r < 2.
(b) The Jacobian is

1-22 -z 0 —T
J= 0 r—2ry—z —y
2z 2z 20 4+ 2y — 1
10 0 -1 -1 1 0
(c)JO)y={(0r 0], JX) = or 0],JY)=10 —r =1 ], and
0 0 -1 00 1 0 0
-1 0
J(XY) ( 0 —r —1 . Each of these systems is unstable by Theorem 6.7.2:

:—r<0for0andX 0102—63——2T < O0for Y, and c3 = —3r < 0 for XY.
-2 0 -3 1-2 0 0
() JXZ)=| 0 r—3 0 |andJ(YZ)= 0
1 1 0 T T
For the point XZ, we have ¢y = 1 —17r, cg = 3 — %r, and c3 = %(% —r). All of these
are positive, and also cica > c3, when r < % For the point Y Z, we have ¢y = r — 1,
Ccy = ir2 and c3 = %r(%’r —1). All of these are positive, and also c1c2 > ¢3, when r > 2.
The equilibrium solution Y Z represents the case where prey X disappears and prey Y
is in equilibrium with the predator. Since the relative growth rate of = is 1 and the
relative growth rate of y is r, the condition r > 2 represents a significant advantage for
prey Y. According to the model, the advantage for Y has to be this large for the prey
X to be eliminated. Note that it is actually the predator that eliminates prey X. The
large growth rate for Y means that the predator has more food, and therefore larger
numbers, and this is what eliminates prey X. All of these arguments can be rewritten
to apply to the case r < % Note that neither prey appears to be eliminated in the
moderate case % <r <2

1
2

|
rol

N[eY]

3Exercise 6.7.7 appears in reprints of the text as “Determine the stability of the equilibrium point at the origin

—1 0 1
for the corresponding nonlinear system x’ = f(x), where J(0,0) = ( 1 -2 0 ) .” The solution given here is
1 2 =3

for the updated version of the exercise.
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(e) Let x., ye, and z be the coordinates of the critical point XY Z. This critical point came
from the algebraic equations

1—2,—2.=0, r—TYe — 2Ze = 0, 2¢e + 2y. — 1 = 0;

applying each of these in turn to the diagonal entries of the Jacobian, we have

1—2x, — z 0 —Te —Te 0 —Te
J(XYZ) = 0 T — 2TYe — Ze —Ye = 0 —rYe —¥e
2z 2z 2xe + 2y, — 1 2z, 2z 0

Hence, ¢ = e +1Ye > 0, co = rxeYe + 2Yeze + 2xc2e > 0, €3 = 2rTeVYeze + 2TYeze > 0,
and c1ca > (Te + 7Ye)(2Ueze + 2Teze) > Te(2Yeze) + TYe(2xc2.) = ¢3. Thus, XY Z is
stable whenever it exists.
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Section 7.1

1. f(t) = H(t — 4)t. See Figure 75.

35
30
25
20 -
15 0.4+
10

Figure 75: Exercises 7.1.1 and 7.1.3

3. f(t)=[1— H(t—1)]t2. See Figure 75.
5. f(t)=[1—H(t—2)Jt+ H(t — 2)t%. See Figure 76.

f f

15 + 47

12.5 + 3 L
10 +

7.5 - 2

51 11

2.5+
ot
1 2 3 4 1 2 3

Figure 76: Exercises 7.1.5 and 7.1.7

7. f(t) = H(t —2)(t — 2)%. See Figure 76.
9. ft)=[1—H(t—2)](2—t)+ H(t — 3)(t — 3). See Figure 77.

Figure 77: Exercise 7.1.9
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11. See Figure 78.

— 1 2 3 4

Figure 78: Exercises 7.1.11 and 7.1.13

13. See Figure 78.

15.

fa®) =[H{t) - HE-1)] - [H{t-1) - H({t—-2)] - [H{t—2) - H(t-3)] -
=H(t)—2H({t—1)+2H(t—2) —2H(t—3) + -+ -

=H(t)+2 i(—l)kH(t — k).
k=1

Section 7.2

4! 31

4 3 _ ph 3 _
L L[t =38 1) = L[] = 3L + L] = 5 —3- 5+ 5

. : 3 2y/m
3. L[sin3t 4 4Vt = L[sin 3t] + 4L[Vt] = ot

A
> t 1 1

2t — t(2—5) — . i _

5. L[te™] / te dt AILH;O 5 (2—3)2] CSeoae

0
Note that we need s > 2 to guarantee convergence of the integral.

7. L[f") = LIS = sLIf) = f(0) = s {sL[f] = f(0)} — f'(0) = S°L[f] — s£(0) = f'(0).
9. LIH(t —1)+2H(t —3) — 6H(t —4)] = e *L[1] + 273 L[1] — 6~ L[1]

®w |

(efs + 2738 — 66748).

11. L[2(t — VH(t — 1)] = 2e°L[t] = ée-é

2 1
13. LIPH(t—4)] = e SL[(t +4)°) = e WL + 8+ 16] = <s + g+ 6)

15. L[t (1— H(t—1))] = L[t*] —e L[t + 1)} = % —e® (; + % + i)
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LT, L4 (2 OH (- 2)] = L+ e L+ 27 - e+ 2] = e (G4 54 2),

19. L[t —22H(t —2)] = e 2 L[] = 2o,

g3
21. L[(1— H(t—2))(2—t)+ H(t — 3)(t — 3)] = L£[2 — t] + LIH(t — 2)(t — 2)] + LIH(t — 3)(t — 3)]
— % . ;12(1 o 6_28 . 6_38).

23. From Equation (5),

ufﬂqﬂzéﬁaﬁﬁ:<t+1)gmo_

Thus,

25. L[f"] = LI(f')] = sLIf'] = f'(0) = s[sL[f] = f(0)] = f'(0) = s*F(s) — s£(0) — £'(0).

Section 7.3

[ s—1 1
7. L7112 3
_(3—1)2+1+ (s—1)2+1

} = 2e' cost + 3elsint.

[ 5 s+2
9. £7! —2
(s+2)2+1 (s+2)2+1

] =be 2 sint — 2e % cost.

11. Applying the Laplace transform to both sides of the equation yields
(8*Y — 5) +3(sY — 1) +2Y = 0;

s+ 3

thus, V = — > 2
s s2 +3s+2

. Taking the inverse Laplace transform, we have

v )

—2t

— 1 —t —2t —t —2t
+3C 1[(5+2)(5+1J =(—e '+ 2 H) 43t —e )

=2 t—¢
13. Applying the Laplace transform to both sides of the equation yields
(s7Y — 83 +25) —4Y = 0;

3
-2
thus, Y = i S Taking the inverse Laplace transform, we have y = cos v/2t.
st—4 242
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Section 7.4

1 1
: N N I o N
1. Since £ [(3—1—2)(3—1)} 3(6 e'),
—2s
S T O N I S U\ _
L [52+s—2]_3<6 e )H(t 2).

See Figure 79.

10 +

=
g = 0 N O
—t—t—t—
N A O 0
—t—t—t

1 2 3 4 0.5 1 1.5 2

Figure 79: Exercises 7.4.1 and 7.4.3

s s 2[5t ] =2 [omm] -2 [o=a 0] = 5
£t [(S(S_;)Q()Se_sl)} = % (63(t_1) + eH) H(t—1)

See Figure 79.

5. Applying the Laplace transform to both sides of the equation yields
1
(Y —s)+Y = e 3™,
S

SO

s 67371'5

82+1+s(s2+1)'

Thus,
y =L Y] = cost+ [1 — cos(t — 3m)|H(t — 3r) = cost + (1 + cost)H (t — 37).
See Figure 80.

7. Applying the Laplace transform to both sides of the equation yields

1 .1
(82Y—1)+Y:87—e 778?,

° 1 1 1
Y = e —
s2+1 + s2(s2+1) e s$2(s24+1)

Noting that £} [ } =t — sint, we have the result

s2(s2+1)
y=t+[—(t—7)+sin(t —7m)|H({t —7)=t+ (r —t—sint)H(t — ).
See Figure 80.
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N A O ©
t t t t

Figure 80: Exercises 7.4.5 and 7.4.7

9. Applying the Laplace transform to both sides of the equation yields
(5°Y —8) +2(sY — 1) +2Y = e ™,

SO
s+2+e 7S s+ 1 1 e TS

TGP+l P42t 2 APl GrEel

Thus,
y=L7Y]=etcost+ e sint +e T sin(t — 7)H(t — 7).

See Figure 81.

Figure 81: Exercises 7.4.9 and 7.4.11

11. The governing equations are
"+ v = fu(t), v(0) =0, '(0)=0.
Writing the forcing function as
fu=t—Q2t—1)H({t—-1/2)+ (2t —3)H(t—3/2) — (2t —5)H(t —5/2) + - --

—t4 i(—l)”(% o+ 1)H(E —n+1/2),
n=1

92



Section 7.5

the Laplace transform of the original problem is

1
S2V—|-V— +2Z n—sn 1/2) -

52"
Then -
1 1
- — 49 —1)" —s(n—1/2) _ +
D
from which we obtain
v—t—s1nt+z )'[2t —2n+1—2sin(t —n+1/2)|H(t —n+1/2)
and
i=v —1—cost+22 )" [1 — cos(t —n +1/2)|H(t —n+1/2).

n=1

See Figure 81.

Section 7.5

1. The impulse response function is the solution of the problem

¢ +4q=0(t),  q0) =d(0) = 0.

Taking the Laplace transform of both sides, we have L[q] = Thus g = %sin 2t and

s2+4
1 . . 1. 1
q(t —7)g(1) = §(sm 2t cos 27 — cos 2t sin 27) sec 27 = 5 sin 2t — 5 cos 2t tan 2.

Therefore, the solution of the original problem, using Theorem 7.5.2, is
I 1, . 1
y=5 (sin2t — cos 2t tan 27) dr = 515 sin 2t + 708 2t In(cos 2t).
0

The solution is identical to Exercise 4.6.5. The new calculation seems a little easier.
. The impulse response function is the solution of the problem
q" +2¢ +q=46(t), q(0) = ¢'(0) = 0.

1
(s +1)2

gt —7)g(r)=(t—7)e" I PeT = et (tr7P — Tl_p) :

Taking the Laplace transform of both sides yields L[g] = . Thus, ¢ = te~* and

The solution to the original problem, using Theorem 7.5.2, appears to be

t t
y=¢e"' <t/ T Pdr — / TP dT) .
0 0

However, these integrals do not converge for any positive integers p. What happened? There
are two key points to note. First, the existence and uniqueness theorem guarantees a solution
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Chapter 7: The Laplace Transform

for the original problem on any interval not containing the origin. The convolution method
attempts to find a solution that satisfies the initial conditions y(0) = 0 and y'(0) = 0, and
no such solution exists. Second, the results do not contradict Theorem 7.5.2, because the
theorem says that the formula gives a solution when the convolution integrals converge. It
does not say anything about the case where the convolution integrals do not converge.

5. The problem to solve is

Vv =t+ i(—l)”(Zt —2n+ 1D)H(t—n+1/2), v(0) =0, 2'(0)=0.

n=1
The impulse response function is sin¢; by Theorem 7.5.2,
v—q*g—t*smt—i—z "(vp(t) *sint), vp(t) = (2t —2n+ 1)H(t —n+1/2).
n=1

The Heaviside function makes each term 0 for t <n — %; hence, we have

v o= t*smt—i—z t)xsint)H(t —n+1/2)
t ¢
= /(t—7)sin7d7’+2(— "[/ vp(t —7)sinTdr| H(t —n+1/2)
0 =1 0
= t—smt—i—z [/ (2t =21 —2n+1)sinTt Ht—n+1/2—71)dr| H{t —n+1/2)

To calculate the remaining integral, note that the integrand is nonzero only for 7 < t—n-+1/2.
Since n > 1, this is a more restrictive upper limit than 7 < ¢. Hence,

t t—n+1/2
/(2t—27—2n+1)sin7'H(t—n+1/2—T)d7':/ (2t =27 —2n+1)sin7dr
0 0

= [(21 —2t+2n —1)cosT — 2sinT| 6_n+1/2,

v—t—smt—i—z "2t —2n+1—2sin(t —n+1/2)|H(t —n+1/2),
and
z—v—l—cost+2z Y1 —cos(t —n+1/2)|H(t —n +1/2).
n=1

This is the same solution as the one found in Exercise 7.4.11 (see Figure 81). It is a matter
of taste which is more convenient.
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1. (a) From

)

2.3 Tt
) sin® S 0<t <2
Ft) = { 0 otherwise

we have
%(sin2%t)cos%t 0<t<?2
0 otherwise

f'(t) =

and lim;_,o— f/(¢t) = lim;_,o+ f'(t) = 0. Also

)

f"(t): %(sin%)coﬁ%—%sinz)’% 0<t<?2
0 otherwise

and note that lim;_,»- f”(t) = lim;_o+ f”(t) = 0.

(b) ,
{ sin®(B(t— %)) 2<t<2+%

otherwise
(c) See Figure 82.
(d) See Figure 82.
u u
1
0.8
0.6
0.4
0.2
t X
1 2 3 4
Figure 82: Exercise 8.1.1
3. (a) From
t—t? 0<t<1
(1) = { 0, otherwise,
we have

Lo [1-2t 0<t<1
£ _{ 0, otherwise

and note that lim,_,;- f'(¢) = 0, but lim,_,5+ f'(¢) = 1. f’ (and also f”) is not continuous
at 0, so Theorem 8.1.1 does not apply. Similarly, f” is not continuous at 1. There will
be a solution that is not strictly valid at points of discontinuity.

(v) 2
X X X X
yolt—g- (=97 §<t<1+3

0 otherwise.

(c) See Figure 83.
(d) See Figure 83.
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u u
0. 25 0.25
0.15 0.15
0.1 0.1
0. 05 0. 05
‘ t } f t } t ‘ t f t Y X
0.5 1 1.5 2 2.53 2 4 6 8 10

Figure 83: Exercise 8.1.3

5. (a) From
[ (I—cosmt)®? 0<t<?2
F(t) = { 0 otherwise

we have
f(t) =

and lim,_,o— f/(t) = lim;_,q+ f'(t) = 0. Also

3m(1 —cosmt)?sinmt 0<t<?2
0 otherwise

£(8) = 67(1 — cosmt)(sin7t)? + 372(1 — cos7t)? cosmt 0 <t <2
0 otherwise

and lim;_,o— f"(t) = limy_,o+ f"(t) = 0.
(b)

(1—cosm(t—x))® z<t<2+4x
U= .
0 otherwise

(c) See Figure 84.
(d) See Figure 84.

u
M t
2 4 6 8

Figure 84: Exercise 8.1.5

N B~ O
N b O

VA

0.5 1 1.5 2 2.5 3

7. We seek solutions of the form wu(z,t) = f(z(z,t)), where z = x — vt. Substituting this into
the heat equation gives us —vf’ = kf”. Solving for f, we get f(z) = ¢; — cpe v/ There
exist traveling waves with wave forms

f(x) = c1 + coe™,
with speed v = —ak.

9. (a) Given u(r,t) = g(r)f(2(r,t)), with z = r — vt, we have uy = —vgf’, uy = v:gf”,
ur =g f+af, (rus)r =7(g"f+29f +a9f")+ (¢ f + gf'). Substituting these results
into the radially symmetric wave equation yields the equation

/
(2 —v?)gf"+ ¢ (29' + Q) f+c <g” - g> f=0.
T T
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(b) v==c.

(¢) From the f’ coefficient, we have g’ + g/(2r) = 0, which has solutions g = Ar~'/2 for any
constant A. But then 0 = r¢” + ¢ = iAr_3/2 requires A = 0. Hence, g = 0 and no
non-zero functions of the form g(r)f(r — vt) solve the radially symmetric wave equation.

(a) Given u(x,t) = vf(2), with z = 2 — vt, we have u; = —v2f’, u, = vf’, and Uppy =
vf"”. Substituting these results into the Korteweg-deVries differential equation yields
the equation

f,//+6vff,_'[)f,20.

(b) Integrating the equation from part (a) yields
f"+3uf? —uf =0,

where the integration constant is 0 because the function and its derivatives are 0 as
z — oo. Now multiplying by 2f’ yields 2f"f” + 6vf?f’ — 2vff" = 0, and integrating
again gives us

(f)?+20f* —vf* =0,
where again the integration constant is 0.

(¢) Substituting f/(0) = 0 into the first-order equation for f yields the initial condition
F0) =3
(d) The peak of the wave is at z = 0 by construction, so we have f’ < 0 for z > 0 and f' >0

for z < 0 (note that f' = 0 can only occur when f = %, so there can be no other critical

points). Now consider the pair of equations f’ = ++/vfy/1 —2f. Separating variables

and integrating from (0, %) to (z, f), we have

z f dF V1=2f d¢
iﬁz:i/ ﬁdZ:/ :—2/ ——— = —2arctanh /1 — 2f.
0 12 Fv1 =2F 0 1 — ¢?

Upon rearrangement, we have the solution
u=vf(z) = ;}sechm/gz,

where sechz = 1/ cosh z. The wave speed can be any positive value.

(e) See Figure 85.

f 4f

Figure 85: Exercise 8.1.11
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Section 8.2

1. (a) Taking C =0, we have f(x) = g(z) = 5 The solution is

1+x

1
1+(x—t)2+1+(x+t)2'

u=flz—t)+g(x+t)=

(b) See Figure 86.

NhOOOOR

i

-10 -5 5 10 -10

o300

!

Figure 86: Exercises 8.2.1 and 8.2.3

3. (a) Taking C' =0, we have

f(m)zg(l’):;{ (1)_952 —l=z=1

otherwise

The solution is

3(1 J:—Qt)) 2 —1<zx<2t+1
0, otherwise

L

2

(1—(z+2t)?), —2t—-1<zx<-2t+1
0, otherwise.

(b) See Figure 86.

1 [* 1
5. (a) Taking C =0, we have —f(z) = g(z) = / P s = 1 In(1 + z2). The solution is
0

(b) See Figure 87.

Figure 87: Exercise 8.2.5
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See Figure 88.

f f u
l
1.1
0.5 +
} } 509
10/5/5 5 0.8 ST
-1 [0) 5 10 | 5 10 15

Figure 88: Exercise 8.2.7

=

o
g1 = Ol

9. (a) Assume u(z,t) = f(z) with z = z/v4kt. Then

X

U = —
YT VRt

Substituting these results into the heat equation gives us

Y 7//
fl==gfs =t

f"+2:f" =0,

which is consistent with the assumption u = f(z).

(b) The equation for f is a first-order separable equation for f’, with solution f’ = Ce .
This solution can also be written as f' = Berf’(z); hence,

f(2) = A+ Berfz.

(c) We've already seen that u = A + Berfz solves the differential equation. The boundary
and initial conditions then require

g(t) = u(0,8) = F(0) = A, f(z) = u(w,0) = f(o0) = A+ B.

The solution we have found works only with very specific initial and boundary conditions;
hence, it is not a general solution.

Section 8.3

T
1. Since v = 440 = ﬁgﬁ, and ¢ = /T'/p, we have ¢ = 554.4 m/s.
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5. Letting u(x,t) = f(x)g(t) leads to the equation

g

= =0

[ kg
for some constant o. The waveform problem is
f"=aof,  f(0)=0, f(L)=0,

which is the same [Equation (6) in the text] as for the vibrating string. The solution of this
problem is f, = By sin(nmx/L) [Equation (10)]. The amplitude equation is

2,2
n‘mk
g=-—779 90)=1
and the solution is g = e~’m*kt/L* The heat flow modes are

—n272 2 ., NnT
Bpe ™™ kt/L sin ———

7. The boundary conditions imply that the temperature at x = 0 is fixed at 0 and there is no
heat flow through the end of the rod at = L. Letting u(z,t) = f(x)g(t) and substituting
this into the heat equation gives us

g

= =0

f kg
for some constant o. The waveform problem is
ff'=af,  fO)=0, f(L)=0.
If o >0 then f=0. If 0 =0, then f =0. If ¢ = —\? < 0, then we have
f = Acos x + Bsin Az, f(0)y=0, f(L)=0.

The first boundary condition forces A = 0, and the second results in the equation cos AL = 0,
or AL = (n+ 3)m, for any positive integer n. Thus, A = (n+ 1)r/L and the waveforms are
fa(z) = By sin([n + 3]mz/L). The amplitude problem is

g =okg,  g(0)=1,
with o = —[(n + 3)m/L]?, and the solution is g = e~ (n+3)*7kt/L? The heat flow modes are

(n+ %) T

_ 1422 2 .
Bne (TL+2) w2kt/L sin 7

9. Substituting u(r,t) = f(r)g(t) into the differential equation gives us

gl/ B T,f//+2f/ B

k
g rf

for some constant k. Assuming k = —\? yields the problem
rf"H2f +Nrf=0,  f(a)=0, [f(0)] < oo
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Now suppose w(r) = rf(r). Then w' = rf' + f and w” = rf” + 2f'. The new waveform
problem is
w(r)

r

w” + Nw =0, w(a) =0, lim

<.

The differential equation has solution w = Acos Ar + Bsin Ar, the boundedness condition
requires A = 0, and the boundary condition at a then requires sin Aa = 0, or A = nr/a, for
all positive integers n. The waveforms are w,, = By, sin(nnr/a), or

B, . nnr

fn=—sin—.
r a

The problem for the amplitude function is then

n?mr2c? p

g + 2 =0, gu(0)=1, ¢,(0)=0;

hence, g, = cos(nmct/a) and the vibration modes are

B, nmwct . nar
— cos sin —.
r a a

It is also necessary to consider nonnegative values for k. If k = 0, then rf” + 2f’ = 0, which
has solution f = ¢; + c2/r, and the boundary conditions force f = 0. If k = A2, then the
solutions are modified Bessel functions, which cannot satisfy the boundary conditions.

Section 8.4

5. (a) The solution is

o0 1
u(zx,t) = an cos nrt sinnrx, by = 2/0 (1 — z) sinnrx dx.

n=1

We have p(z) =z — 22, p/(z) = 1 — 2z, p"(x) = —2, and then

b= 2(0) ~ ("] + =0+ - (L)
& 4 - (1))

- [p//(o) o (_1)npll(1)] =

n3m3

(b) See Figure 89.

7. (a) The solution is

o) 1
u(z,t) = Z by, cos 2nt sin nwz, by, = 2/ (223 — 32% + z) sinnmx da.
0

n=1

We have p(z) = 223 — 322 + 2, p/(x) = 622 — 6z, p"(x) = 122 — 6, p"" = 12, and then

b= 2 (0) - ("] + =0+ L (L)
-2 " (0) — (=1)"p"(1)] + Lo 120+ (=17

n373 n3g3 " n3m3
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Figure 89: Exercise 8.4.5
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T

0.2 0.4 0.6 0.8
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1

0.2 0.4 0.6 0.8

?
:
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oo O O _ .00
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:
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SO ANO- .
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o o ©o,0

Figure 90: Exercise 8.4.7

(b) See Figure 90.

(a) The solution is

9.

o0

E b, cosnrtsinnrr,

u(x,t)

n=1
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where

0.9 5 1
by, = 2/ sinnﬂ'xd$+2/ (5 — bz)sinnrz dx
0 9 0.9

10 0.9 0.9 10 1 !
= ——— |z cosnmr|y” — / cosnrrdr| — — | (1 —x)cosnmzx|y g — / cos nmx dx
0 0.9

Inm nmw
cos 0.9nm n 10 . ‘0_9 n cos 0.9nm 10 ., ‘1 1 0.9
= — sinnmx — sinnmx|y g = —5— sin 0.9n.
nmw In?m? 0 nm n2m?2 0.9 9gn2x2
(b) See Figure 91.
u u
0. 4 0. 4
0.2 0.2
t t t t t X t t t I—— X
-0.2 0.2 0.4 0.6 0.8 1 -0.2 0.2 0.4 0.6 0.8 1
0.4 -0.4
u

Figure 91: Exercise 8.4.9

(c) The total amplitude fol u(x,0) dz is the same for both problems. Both problems have
a triangular initial profile. The difference is that the initial profile for Model Problem
8.4 is symmetric about x = 0.5, but the initial profile for Exercise 9 is skewed to the
right. The waves for Model Problem 8.4 continue to be symmetric, while the waves for
Exercise 9 continue to be skewed. For Exercise 9, the peak of the wave gradually moves
from 0.9 to 0.1 and diminishes in magnitude. The negative displacement begins quickly
near x = 1 and spreads to the left also.

11. The amplitude functions were found in Exercise 8.3.4 to be
L . nmct

t) = —
gn() mrcsm L

The initial condition then requires

nmwx

P(x) = ; bngl, (0) sin ”Lﬂ - ; by sin 7

This is the same equation we solved to determine the Fourier coefficients before, with the

result
nwT

2 L
bn = L/O w(l’) sinT dx.
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One can also use

L’ " nme ),
13. (a) The solution is

o
u(x,t) = Z by, sinnrt sin nwx

n=1
where, by Exercises 1 and 2,
1 2 2 41 4 2(—1)"]
b, = — ¢ Zp(0) = (=1)"p(1)] — ——[0"(0) = (=1)™"" (1 == = 7/ J
w= = 4 —[p(0) = (~1)"B(D)] = ——[5"(0) = (~1)"p (1) —
(b) See Figure 92.

u u
0.05 0.05
0. 04 0. 04
0.03 0. 03
0.02 0.02
0.01 0.01

+ + + + + X + + + + + X
0.20.40.60.8 1 0.20.40.60.8 1

u u
0.05 0.05
0. 04 0. 04
0.03 0. 03
0.02 0.02
0.01 0.01

+ + + + } X + + + + } X
0.20.40.60.8 1 0.20.40.60.8 1

u u
0. 05 0. 05
0. 04 0. 04
0.03 0.03
0.02 0.02
0.01 0.01

X

0.20.40.608 1 0.20.40.60.8 1

Figure 92: Exercise 8.4.13

Section 8.5

1. F is even, so the sine coefficients are 0 and the cosine coefficients are

2 iy
Ay = / x cosnx dx.
0

T
Using the notation and formulas of Exercises 8.4.1 and 8.4.2, with p(z) = x, we have

an =t =~ 2 pl(0) ~ (1)) = 2

n2r n2m

The average value is 7/2 so

fs(SU) = T_ g Z wcosnm;.

n2

See Figure 93.
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Figure 93: Exercise 8.5.1

3. Fis even, so the sine coefficients are 0 and the cosine coefficients are

1
ap = 2/ (1 — 2?) cos nz dz.
0

Using the notation and formulas of Exercises 8.4.1 and 8.4.2, with p(z) = 1 — 22, we have
1 / 2 / / 4(_1)71
=~y = = (0) — (1) ()] = 2y )

The average value is 2/3, so

fs(@) = ; - % Z (_12) COSNTX.

See Figure 94.

Figure 94: Exercise 8.5.3

. See Figure 95. Theorem 8.5.2 identifies properties of the series sum f;, not the individual
partial sums in the sequence that converges to fs;. Adding more terms to the partial sum
makes the oscillation faster and decreases the amplitude of the error at points well inside of
the oscillatory region, but does not decrease the overshoot amplitude. However, the near-
vertical line at the point of discontinuity of f becomes more vertical as n — oco. Any fixed
value of © where f is continuous is eventually some distance into the oscillatory region. Thus,
as n — 00, points where f is continuous do show convergence to fs, albeit very slowly. The
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Figure 95: Exercise 8.5.5

point of discontinuity is always at the midpoint of the near-vertical line; hence, the value
of the partial sum at that point does appear to be approaching the average of the limiting

values.
7. (a)
oo
u(z,t) = Z by, cosnrtsinnre,
n=1
where .
2[1 — (=1
b, = 2/ sinnmx dr = M
0 nm

(b) The solution over the first half of the given time interval shows the function value 1
gradually being “replaced” by the value 0 from the endpoints in. For the second half
of the interval, the solution shows the value 0 being replaced by the value -1 from the
center to the outside. The actual solution should consist of horizontal lines; however,
any visualization using Fourier series shows oscillations and overshoots because of the
Gibbs phenomenon. See Figure 96.

9. (a) By Exercise 8.4.11,

(0.9}
u(x,t) = Z by, sinnrt sin nwx,
n=1
where .
21— (—=1)"
b, = — sinnrx dr = %
nw Jo n2m

(b) See Figure 97.

11. Substituting u(r,d) = g(r)h(0) into the differential equation gives us

TQQH-I-Tg/ B _p B
g  h

g
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f f
1.5 1.5+
1%’ W 14
0.5 4 0.5+ ‘ \
t t t t X A t t it + X
o5l 2 0.4 0.6 0.8 1 o5. 0.2 04 06 08
-1+ -1+
-1.54 -1.54
f f
1.5 1.5
14 4
0.5+ 0.5+
t t t t t X 4nl\ t t b
o5l 2 0.4 0.6 0.8 1 o5l 0.1 0.4 0.6 f.s
-1 4+ -1 4+
-1.54 -1.54
f
1.5
1
0.5
t t t t X
_0.5 0.2 0.4 0.6 0.8
-1 W
-1.5
Figure 96: Exercise 8.5.7
f f
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
+ + + + + X + + + + \1 X
0.20.40.60.8 1 0.20.40.60.8 1
f
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 AN 0.1
+ + + + U + + + + + X
0.2 0.40.60.8 1 0.20.40.60.8 1
f f
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
X X

0.30.40.50.60.70.8

O.'2 0.'4 0.'6 0.'8 1

Figure 97: Exercise 8.5.9

for some constant o. The problem for g is

,r,Qg//

+rg —og=0,
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and the problem for h is
h" +oh =0, h(—7) = h(n), h'(—=n)=h'(r).

The h problem is fully specified, so we solve it first. If ¢ < 0, then there are no nontrivial
solutions. If ¢ = 0, then there is a solution h = ag, where ag is a constant, and the g problem
is also solved by a constant. If ¢ = A? with A > 0, then the differential equation has a
two-parameter family of solutions

h = acos A0 + bsin \0.

These solutions satisfy both boundary conditions if and only if X is a positive integer. Thus,
we have the family
h, = a, cosnf + b, sinn#,

and the corresponding g problem is

r2gn +rg, —n’g=0,  |g(0] < occ.
Substituting g = 7™ yields the algebraic equation m? = n?, so m = +n. The boundary

condition forces m = n. Hence, we have a family

o
u=ag+ Z " (ay, cos nd + by, sinnh)

n=1

of functions that solves the homogeneous parts of the problem. The remaining boundary
condition requires

agp + Z(an cosnb + b, sinnd) = f(6).
n=1

This is the standard Fourier series problem, so the coefficients are given by

/7r £(6)do, an = L[ f(0) cosné db, by, = 1/7r f(0)sinnd db.

us T J)_x
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Section A.1

1.

11.

13.

15.

17.

To find the integrating factor, we solve (uy) = py’ — 4py. Thus, /' = —4p. An integrating
factor is u = e~**. The differential equation becomes (e~4'y) = te=3!. Integrating both sides

and solving for y yields
y=—(st+=) et + et
39 )

To find the integrating factor, we solve (uy)’ = py’ — 4py. Thus, ' = —4p. An integrating
factor is o = e~#. The differential equation becomes (e~*y)’ = t. Integrating both sides and
solving for y yields

1
Yy = §t2€4t + e,

. To find the integrating factor, we solve (uy) = py’ — 3uy. Thus, /' = —3u. An integrating

3t

factor is p = e 3. The differential equation becomes (e 3'y)’ = e~ cost. Integrating both

sides and solving for y yields

3
Y= l—osmt Ecost—i—ce
To find the integrating factor, we solve (uy)’ = py’ + py. Thus, ¢/ = p. An integrating factor
is = et. The differential equation becomes (e'y)’ = e'/(1 + e!). Integrating both sides and
solving for y yields
y=e 'In(1+e")+ce’

To find the integrating factor, we solve (uy) = py’ + pty. Thus, ' = pt. An integrating
factor is 1 = e’/2. The differential equation becomes (e!’/2y) = 2tet*/2. Integrating both
sides and solving for y yields

y=2++ ce /2,

To find the integrating factor, we solve (uy) = py’ + 2/ufy Thus, ¢/ = 2ut. An integrating
factor is u = e'’. The differential equation becomes (e y) = cost. Integrating both sides
and solving for y yields

t2

y=-e = sint+ ce ™.

To find the integrating factor, we solve (uy)" = uy’ + p(1 + 1/t)y. Thus, ' = p(l + 1/t).
An integrating factor is u = te'. The differential equation becomes (tely) = e!. Integrating
both sides and solving for y yields

1
y= E(lﬁ-ce )

To find the integrating factor, we solve (uy) = py’ — p(tant)y. Thus, @/ = —ptant. An
integrating factor is u = cost. The differential equation becomes (y cost)’ = cost. Integrating
both sides and solving for y yields

y = tant + csect.

To find the integrating factor, we solve (uy)’ = py’'—2upy/t. Thus, u’ = —2u/t. An integrating
factor is u = 1/t2. The differential equation becomes (y/t?)’ = 6t2. Integrating both sides
and solving for y yields y = 2t° + ct?. Using the initial conditions gives us

y:2t5—2t2, —o00 <t < oo.
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19.

21.

23.

25.

To find the integrating factor, we solve (uy) = uy’' —2uty/(1+t2). Thus, u' = —2ut/(1+1t2).
An integrating factor is 4 = 1/(1 + t2). The differential equation becomes [y/(1 + ?)]’ =
1/(1 4 t?). Integrating both sides and solving for y yields y = (1 + t?) arctant + c(1 + t2).
Using the initial conditions gives us

y = (1+t%) arctant, —00 < t < 0.

To find the integrating factor, we solve (uy)’ = py’ + 2utanty. Thus, 4/ = 2utant. An inte-
grating factor is u = sec?t. The differential equation becomes (ysec?t) = sec?t. Integrating
both sides and solving for y yields y = sint cost 4+ ccos®t. Using the initial conditions gives
us

y:sintcost+cos2t, —00 <t < 00.

To find the integrating factor, we solve (uy) = py’ — 8uty. Thus, ' = —8ut. An integrating
factor is p = e~#”. The differential equation becomes (e~*’y) = ¢~4*. Integrating both

sides yields e~4t"y = f(f e ds + ¢ = %fOZt e du+c = % erf 2t + c. Using the initial
conditions gives us

y:e4t2<\{ferf2t+1), —o00 <t < oo.

To find the integrating factor, we solve (uy) = py’ + mu/ty. Thus, p'/p = m/t and an
integrating factor is ™. The differential equation is then (#™y)" = kt"+*m~1.

(a) Integrating both sides of (t™y)’ = kt~! yields t™y = kIn |t| + c¢. Thus,
y="Fkt "n|t| +ct™".

(b) Integrating both sides of (t™y)" = kt"T™~! yields ™y = kt"*™/(n +m) + c¢. Thus,

y= t" 4 ct™™.
n-—+m
(c) If we had ¢ = 0, then the solution kt"/(n+m) would be defined for all t. The theorem in
question guarantees the existence of a solution over some interval but does not prohibit

the solution from existing over a larger interval.

(d) If both m and n are negative, the term kt"/(n + m) is undefined at ¢ = 0. No matter
what c is chosen, this prevents the solution from being defined at ¢t = 0.

(a) As in Exercise 15, an integrating factor is u = cost. The differential equation becomes
(ycost)" = sintcost. Integrating both sides yields ycost = %sin2 t + ¢, and the initial
condition requires ¢ = k. Thus, the solution is

™

L inttant + ksect T i<
= — SIn an secC —_—
L : 2 2

(b) Setting y = 0, we find that the solution vanishes at any time for which k = —% sin? t.
Given the range of possible sine values on the interval of validity, this condition requires
1
—5 < k<O
2 —
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(c) The solution is an even function; therefore, t = 0 is a critical point. Taking a derivative
of the original equation, we have

y" — o tant — yseczt = cost,

and so 3”(0) = cos0 + ¢/(0) tan 0 + y(0) sec?0 = 1 + k. The origin is a local minimum
for £ > —1. For k < —1, the origin is a local maximum. Also, we have

1
y =sint — ytant = sint + EsinttaHQt—i— ktantsect
1 1
=3 tantsect(2cos® t + sin®t + 2k) = 5 tantsect(cos®t + 1 4 2k).

Thus, there can be no other critical points with & < —1. Hence, the origin is the global
maximum whenever k& < —1 and not whenever £k > —1. The case £k = —1 must be
treated separately. From the calculation for 3/, we know that there are no critical points
other than the origin. We also have y(0) = —1, ¢/(0) = 0, and y”(0) = 0. Differentiating
further, we have

y" =y tant + 2y’ sec® t + 2ytantsec’t — sint

and

y"" =" tant + 3y" sec? t + 6y tant sec’t + 2y(sec4 t 4+ 2 tan? ¢ sec? t) — cost;
hence, y”(0) = 0 and y""(0) = —3. We therefore have the Taylor approximation
y ~ —1 — 3t?/4! near t = 0, confirming that the origin is also a maximum for the case
k=-—1.

Section A.2

1.
t t
yl(t):/ f(s,O)ds:/ lds =t.
0 0
t t t3
yz(t)z/ f(s,s)ds:/ 1-s’ds=t— —.
0 0 3
t 83 t 83 t3 t5
- _ 2 = [ 1- _ —t—
y3(t) /Of<s,s 3>ds /0 s(s 3>ds t 3—1—15
See Figure 98.
3.

t3

t t
yl(t):/ f(s,O)ds:/ stds = —.
0 0 3
t 83 t 56 t3 t7
t) = —)ds= 242 ds=— + —.
va(t) /0f<5’3)5 /08+98 5 763

(t) /t f 83 N 87 J /t 2+ 86 N 2510 N 314 J t3 N t7 N 2t11 N t15
R = S, — — S = S — T S= —1+— .
vs A o T T T 189 T (63)2 3763 (189)(11) " (63)215

See Figure 99.
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9.

(a)

(b)

Yi
1.4 1.4
1.2 1.2
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
t t t t t t t t t t t t t t t t
0.20.40.60.8 1 1.21.4 0.20.40.60.8 1 1.21.4
Figure 98: Exercise A.2.1

Yi y

10 + 10 +
8+ 8
6 + 6

41 44
24 2

t T t t t t t t t t
0.5 1 1.5 2 0.5 1 1.5 2
Figure 99: Exercise A.2.3
. dy 2t—vy . . . .
Since T 1 , ¥y must be an increasing function if y < 2¢ and y < 1, and decreasing
)

if y > 2¢t and y < 1. Thus the solution for ¢ < 1/2 is increasing, but it can never go
above the line y = 2¢.

Since y < 2t and y < b < 1, it follows that f > 0. Now,

of 2 of  2—1
@_1—y>0’ oy (1—y)*

The first partial derivative means that the maximum must occur with ¢ = a. Then
af/0y(a,y) = (2a —1)/(1 — y)? > 0, so the maximum must occur at (a, b).

As long as the solution curve remains in D, its slope satisfies y < f(a,b) = (2a—b)/(1—
b).

The line passing through the origin and having slope (2a — b)/(1 —b) is

_2a—bt
Ym = 1

This line passes through the point (a,b) if b(1 — b) = a(2a — b).

Suppose there exists a pair of values a and b that satisfies the requirement of part (d).
Then y < yp, < 2t and y < y,, < b for all ¢ < a. Hence, the graph of y lies in the
region D defined by that choice of a and b. In particular, for any given a, there needs
to be only one acceptable choice of b to guarantee existence of the solution all the way
tot =a.
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(f) The equation b(1 — b) = a(2a — b) defines a smooth curve in the ab plane that passes
through the points (0,0) and (0,1). The curve must move into the first quadrant of the
ab plane and then back to the b axis; hence, we can think of the curve as the graph of
a function a(b). Each value of a that can be achieved for some b represents a time at
which the solution must exist. Hence, the solution is guaranteed to exist for any a less
than the maximum of the function a(b) defined implicitly by b(1 — b) = a(2a — b). By
implicit differentiation, 1 — 2b = a/(2a — b) + a(2a’ — 1); thus,

,  1+a—2b
 4a—0b

At the desired maximum, @’ = 0; hence, 2b = 1 + a. Substituting this relation into the
equation of the curve yields the quadratic equation 7a? — 2a — 1 = 0. This equation
has one positive solution, a = (1 +2v/2)/7 & 0.55, so the solution is guaranteed to exist
up to that time. Note that this is quite a bit less than the actual interval of existence,
which by Figure A.2.2 in the text clearly extends beyond ¢ = 0.8. With more work, a
better estimate could perhaps be achieved. The point of the exercise, in part, is that it
is not worth the effort of making careful estimates of intervals of existence by theoretical
arguments.

Section A.3

1.

(a)

—8et 8
max |—|=—max|—=| < - =K
oy (3+y)? 9
-8 (8e71)? 136
— — < — = M.

(b) The upper bounds for the error at 0.2, 0.4, 0.6, 0.8, and 1 are respectively 0.0137813,
0.0302439, 00499095, 0.0734012, and 0.101463.
(¢c) The actual errors are all significantly smaller. The ratio of the errors at each ¢ are

respectively 0.653, 0.4629, 0..3607, 0.2725, and 0..2070. Note that the ratio of actual
of

error to the upper bound on the error is going down. Since 9 = —8664(3 + y)2 < 0,
the problem is well conditioned and this is the behavior we expect.
(a) We have
/ h2 " h3 n
y(t1) = y(to) + hy'(to) + 54" (t0) + -y (71),
h? h3
y(to) = y(tr) = hy' (1) + 59" (1) — =y (2),

where h = t; — tg and 71 and 75 are unknowns points between ty and ¢;. Solving the
second equation for y(t1) gives us
h2 / h3 "
y(t) = y(to) + hy' (1) = o' (1) + 59" (72)-
Averaging the formulas for y(t1) yields
2

h ! / h /! 1! h3 mn 11
y(t) = yto) + 5 [v/'(t) + o' (t)] — 7 [v" (1) =" (t0)] + 35 [v" () + " (m2)]
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(b) ) ;

y(t) = yo + g [f (o, yo) + f(t1,y(t1))] — hZ [y (t1) — " (to)] + % (1) + " (72).]

(c) The trapezoidal rule says y1 = yo + h[f(to,yo) + f(t1,y1)]. Subtracting the result of
part (b) from the trapezoidal rule yields

2 3

7t mn) = £l ()] + o [4(00) — 9" (t0)] — 15 [ () + 9" (7)]

y1 —y(t) = 15

|

(d) Using Taylor’s Theorem, we have f(t1,y(t1)) = f(t1,v1) + [y(t1) — vl fy(t1,n) for some
n between y; and y(t1). Also, y"(t1) = v"(to) + hy"(73) for some 73 between ty and 1.
Hence,

ft, ) = f(ty(t) = Bufy(tn),  y'(t) =y (to) = hy"(73).
Substituting these results into that from part (c) yields
3

h h3 n h " n
E, = §E1fy(t1777)+zy (73)—E [y (1) + " (12).] ,

from which we obtain

3y”’(7—3) _ Z////(7'1> _ y///(7_2) h3

=T Ay ()

Mh?

5. (a) We have |Eq| < . We also have

Mh? Mh?
|Ba| < ——[(1+ Kh) +1], |BEs| < ——[(1+Kh)> + (1 + Kh) +1].
In general,
h2n—1 '
|E,| < > (1+Khy.
j=0

(b) Given § = Y 0—0(1+ Kh)?, (1+ Kh)S = Y75 (1 4+ Kh)*1 = 37" | (14 Kh)J. Thus,
KhS =1+ Kh)" —1 and

Mh?
|En| <

[(1+ KR)" —1].

()

Kh— 14+ Kh+ +...>1+Kh.

(Kh)®
2
(d)

Mh Khn_ 1) — @(el{tn

E,| <
2 2K( 2K

~1).

dr
7. (a) The initial-value problem is o = E(T — 68), T(6) = 77, T(7) = 74. The solution is

T = CeF* + 68. The additional conditions imply that C = 102.51 and k = —0.4054.
Thus T'(t) = 98.6 means ¢ = 2.98, which is 2:59 to the nearest minute.
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(b) If we change the equation to T'(t) = 100, we find ¢t = 2.87, which is 2:52 to the nearest
minute.

(c) If we change the measurements as indicated, we obtain 7' = 71.948e 03592 1 §8. Solving
T(t) = 98.6 then yields ¢t = 2.44, which is 2:24 to the nearest minute and is more than
30 minutes earlier than we estimated in part (a).

(d) Since 8—f < 0 the differential equation is well conditioned. However, the problem pre-

dy
scribes final data and requires calculation of initial data; hence, the problem is ill-
conditioned.

(e) They must assume that they know the value of k.

Section A.4

From the series y = Y -2 ; a,z", we have

00
§ : m

xpy: Am—pT
m=p

(o) o
'y =Y (m+1=plamppe™ = (m+1=plamppa”,
m=p m=p—1
00 o
Py’ =Y (m+1=p)(m+2=plamizpa™ = Y (m+1—p)(m+2=p)amzpr™.
m=p m=p—2

These formulas will be used in the exercises of this section.
1. Substituting the formulas for zy, 3/, and y” into the differential equation yields
o
day + Z [2(m + 1)(m + 2)am42 — Mam + am—1]z™ = 0.
m=1
This leads to as = 0 and the recurrence relation

(n—2)ap—2 —an—3

A, = n > 3.
" 2(n—1)n ’ -
1 1 3 7
Thus, ap = =1, a1 =2, a2 =0, a3 = 3, a4 = — 13, a5 = 155, 46 = —=95-

3. Substituting the formulas for ¥, v, and zy” into the differential equation yields

Z [(m+ 1) (m+ 2)ams2 + (m + 1)mapy 1 — 3apy|z™ = 0.

m=0
This leads to the recurrence relation

_ 3ap—2— (n—1)(n—2)ap—1
n(n —1) ’

ay, n > 2.

3 3 9
Thus, ap =2, a1 =1, a2 =3, a3 = —35, aa = 5, a5 = —3.
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5. Substituting the formulas for y, zv/, 3, and z%y” into the differential equation yields

oo
Z [(m + 1)(m + 2)ams2 + m(m — 1)ay, + 2may, — 2a,)z™ = 0.

m=0

This leads to the recurrence relation

With agp = 1 and a; = 0, we obtain

_ o 14 15 _
y=14+xz _§$ +5:U + ... =14 zarctanz.

With ag = 0 and a1 = 1, we obtain

Y2 = T.

7. Substituting the formulas for y, xy/, and 3" into the differential equation yields

> [(m A+ 1)(m + 2)amy2 — M + amle™ = 0.

m=0

This leads to the recurrence relation

With ag = 0 and a; = 1, we obtain
Yo = T.
9. Substituting the formulas provided for y, 2%y, and 3" into the differential equation yields

o0

1 1
Z [(m + 1) (m+2)amio + <1/ + 2> A — 4am2] ™ =0, a_1=a_s=0.

m=2

This leads to the recurrence relation

i 1 o (v + %)
" dn(n—1)" 4 n(n—1) 2
The general solution is
v+1/2 , 1 (v+1/2)2\ 4
= 1— —
v-oa [ 2 " <48 24
v+1/2 4 1 (v+1/2)%\ 4
e [ 6 (80 120 *



Section A.4

11. (a) Substituting the formulas provided for y, ¥/, and z3’ into the differential equation yields
(o ¢]
Z k+1 ak+1+kak—mak] kZO,
k=0

where we have used k as the dummy index rather than m. This leads to the recurrence

relation

(m—n+1)
Up = —————ap_1.
n

Thus, ap = 1, ap = m, az = m(m — 1)/2, a3 = m(m — 1)(m — 2)/6, and a, =
m(m—1)(m—2)---(m— (n—1))/n!. Hence,

Zmm—1)(m—2)--m—(n—-1)] , < m! n o= (M ,
yzz : . T)L! | : )]x :Zn'(n—m)!x _Z<n>x '
n=0 n=0 n=0

(b) By separation of variables, we have

/dy_ mdx
y J 1+’

or y = C(1 4 z)™. The initial condition requires C' = 1; hence, y = (1 + z)™

(¢c) Combining the results of parts (a) and (b) yields

(1+2)™ = i (’:) "

n=0

13. Using Theorem A.4.2, we find a® — v?> = 0 or a = +v. Then a; — s = 2v is not an integer
if v is not an integer multiple of % Thus there are always two linearly independent solutions
if v is not an integer multiple of %

15. (a) We find that the @ in Theorem A.4.2is a = £1/2. Letting y = x*z gives us the equation

222" 4+ (2a + 1)z + 222 = 0.

—1, we can solve the equation immediately by writing it as 2”4z = 0.
Since the calculations that led to this equation required the assumption zp = 1, we may
choose z = cos x for the solution of this case. For a = %, we substitute for 2%z, 2/, and

222" in the differential equation and get

For the case o =

2a1+z m — 1)am + 2mam, + am_2]z™ = 0.

This leads to the results

—0n—2
= 1 = 0 - —.
ag ) ai ) an n(n+1)
The corresponding solution is
1 1 1.
z=1-— =24+ =2 +... = Zsinz.

3! 5! T
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(b) Theorem A.4.2 guarantees at least one power series solution in this case. It does not
prohibit the presence of a second.

~1/2

(¢) The solutions are z cosz and 71/ sinz

17. The indicial equation has roots & = 1 and o = —2, each of which corresponds to a solution.

19.

27
From the original equation, we have

—ag + Z 2m(m — 1)ay, + may, — amy, — apm—1]z™ = 0.

This leads to the results a9 = 0 and a; = 1 (as guaranteed by Theorem A.4.2) and the
recurrence relation

an—1
apn = , n>2,
" @2n+1)(n—1) -
from which we obtain a solution
22 a3 xt

MW=t s 15 2.7 1.5.2.7.3.9 "

The substitution y = 271/2z yields the equation
207" — 2 —2=0,

the series equation
0.)
Z 2m(m + Dams1 — (m + D)ams1 — ap)z™ =0,
m=0

the recurrence relation

and the solution ) 5
a2
= ( YT T 2.3.3 )

(a) Making the suggested substitution gives us

o0
—aagz " + Y [(a+n)(a+n—1a, +3(c+n)ay +an — (@ +n+ L)ap]2" = 0.
n=0
(b) a =0 is necessary to remove the first term.
(¢) We have

oo
Z[n(n — 1)ay + 3na, + an — (n+ Dap41]z"™ =0,
n=0

which leads to the recurrence relation a,, = na,—i.
(d) Since ap = ¢, a1 = ¢, ag = 2¢, and in general a, = nlc. Thus y =c¢> > nlz".
(e) This series does not converge for any value of x.

(f) The differential equation is not of a form covered by the hypothesis of Theorem A.4.2,
so it does not contradict the theorem.
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(g) Assume y = 2%z, with «a to be chosen so that zyp = 1. Substituting into the differential
equation gives us

222" + (204 3)2%2 — 22 + (a4 1)%zz — az = 0.

Looking for a series solution leads us to

aap+ Z [(m—1)(m—2)am_1+(20+3)(m—1)am_1 —mam+(a+1)2ay,_1 —aa,]z™ = 0.

m=1

Since ag = 1 by hypothesis, we must have a = 0. As in parts (c¢) and (d), we end up
with a divergent series for z = y.

Section A.5

1. Using the formula for the inverse of a 2 by 2 matrix,
1—-2t —4t
-1 _
® = < t 1+2¢ > ’
3. Using the formula for the inverse of a 2 by 2 matrix,
1 (A+t)et —te
v = < 2t o2t :

5. Using row reduction,

01 -1, 100 10 1} -1 1 0
[A|T] = 11 0010 |=101 -1 1 0 0
11 1
-1 0 1]0 01 00 1| -5 35 35
Loo| -4 b -
~lo1o| 11 I|=ma
o0 1| -4 4 )
7. Using row reduction,
31 -1]100 1L -5 3| -5 00
A= 20 -1 010 |=[0 1 3 1 -2 0
_ _ 3 3 3
11 -27001 o 0 -3| -3 33
Loo| -t -y
~lovo] & 1 |-many
00 1| b -} -

9. (a)

|M8

n=0

0o on  pon—1 (21??” 2n—1yn o2t pe2t
§ : n __ 2 : _ n! (n—1)! _
©= nlA n! ( 0 2m ) o < 0 (Qt?" 0 e ’

where the last equahty follows from

on— ltn 0 )m > (Qt)m o
T tZ LD D e
’n—o =1 m=0
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(b) The matrix has a double eigenvalue A = 2 with eigenvector v = < (1] > and generalized

eigenvector w = < (1) > The solutions are then e?'v and e? (tv + w). Hence,

6215 tth _ th _t62t _ e2t tth
v - (G ). e (G A ) e—wovio- (% ).

€ &

11. (a) A%? = —I, from which follows A3 = —A, A* =1, .... Thus,

2 3 t 2 ¢t 3
O=I+tA - -T—-— A+ -TJ+...=(1—-=—x+——... )1 t——+——--- | A
+ 2 6 +4! + ( 2+4! ) +< 6+5 )
. cost — 2sint sint
= (cost)T+ (sint) A = ( —5sint cost + 2sint > ’

(b) The eigenvalues are A = +i, and the corresponding solutions are < cost ) and

2cost —sint
sint
( cost + 2sint > Thus,

1
_ cost sint 1 (10 . 10
‘P(t)_<2cost—sint cost—i-QSint)’ v (O)_<2 1 > _< -2 1 )’

o — cost — 2sint sint
o —5sint cost + 2sint /)’

Section A.6

1. The eigenvalues are A = 1,3 and associated eigenvectors are ( _i > and ( (1) )
(a) The form of solution for undetermined coefficients is

X=a+[b+c<?>t] e3t.

(Note the additional term needed because 3 is an eigenvalue of A.) After some linear
algebra computation, we obtain

(1) (1) e

(b) We have
et 0
v = ( _el g3t )
and
et 0 3 (1 0 3et (10 3e~t ,
[l:[l|g] - ( et e3t e3t = 0 e3t 3+ e315 = 0 1 14+ 36_3t - [I‘U]
Thus, u; = —3e %, uy =t — e3¢, and the solution is

-3
x—\Ilu—<2+t63t >
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(10 (10 o[ 3
T<—1 1>’ D(o 3)’ Tg<3+e3t>’

and x = Ty yields the problems 3/} = y; + 3 and y5 = 3y2 + 3+ €3!. From the particular
solutions y; = —3 and yy = —1 + te3!, we obtain

-3
X:Ty:<2+t63t >

3. The eigenvalues are A = —2, —3 and associated eigenvectors are ( ? ) and < 1 )

(a) The form of solution for undetermined coefficients is
x = ae’ + be3t.

After some linear algebra computation, we obtain

1 5 1 —1
a_12<1)’ b_15< 2)'
26_2t 6—3t
‘I'—< o2t Bt

ot — o3t 10 o3t _ oot )
eSt > = ( 0 1 ‘ 2€6t _ €4t ) = [I|u ]
6t 1.4

= %e — z€ ¢ and the solution is

(b) We have

*56
= Py = 12
X = u—< le

(21 (-2 0 1 et=e
T_<1 1)’ D_< 0—3)’ T g_<—€t+2€3t ’
and x = Ty yields the problems y] = —2y; + ¢! — €3 and yb = —3ys — €' + 2¢3. From

the particular solutions y; = Lef — %e& and yo = —iet + %e‘%, we obtain

-3
5 ¢t 1.3t
Se' — e
_ —( 12 15
X_Ty_<1et+2e3t)'
12 15
5. The eigenvalue is A = 1 and an associated eigenvector is v = 1) A second solution is

1
(W + vt)e!, where w = £ ( 0 >
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(a) The form of solution for undetermined coefficients is
x = a+ bt.

After some linear algebra computation, we obtain

() ()

(b) We have
(0 3
v= ( el tel )
and
(0 et [t N1t 3t N o1 0| B2t
(lol = ( ¢ teh |3 > - ( 0 1 ' 2t )~ \ 0 1 2te = Hiul

Thus, u1 = (1 + 4t + 2t?)e™t, ug = (=2 — 2t)e~, and the solution is
—-1-1
X—Wu_<1+%>'

(c) Diagonalization cannot be done because the matrix is deficient.

1
7. The eigenvalues are A = 1,2 and associated eigenvectors are v()) = | —1 ) and
1 0
v® = 0 |. A second solution for A = 1 is (w + vt)e!, where w = 0
0 -1

(a) The form of solution for undetermined coefficients is
X = <a + cv(Q)t) e2t,

where the extra term is necessary because 2 is an eigenvalue of A. After some linear
algebra computation, we obtain

«
a= 2 |, c=1, a€eR
-1
(b) We have
et te! et
v = —et —tet 0
et (-1t 0
and
1 ¢ 0 —e! 1 0 0 | (t— l)et
Plg)= [ 0 - 0 et =~ 010 —et = [I]u']
0 0 e | e 001 1
Thus, u; = (t — 2)et, ug = —e', ug = ¢, and the solution is
-2+t
x=WYu= 2 e?t,
-1
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()
9. (a)

Diagonalization cannot be done because the matrix is deficient.
0 Llet
U= 2 .
< el tet >
(1t 0 (1 0 | —2tet? ,
Plol = ( 0 1 ‘ 2¢ 1" ) - ( 0 1 ‘ gt | =Mk
Thus, u; = —2 fg se55 ds, uy = 2fg e=5=5" ds, and the solution is

1.t t t —s—s2
X:‘I’u: t 2eU2 = tetfoe 767l82 .
e'(uy + tug) 2e! [ (t —s)e * ds

The method of undetermined coefficients cannot be used because g is not a generalized
exponential function, while the method of diagonalization cannot be used because the
matrix A is deficient.

From Exercise 5, we have

Thus,

1
The eigenvalues are A\ = 4+2i and the corresponding eigenvectors are < > and

—2
1
2 )
(1 (2% 0 (2420
T_<—2i 2@)’ D‘(o —2¢>’ Tg_<2—2¢>e’

and x = Ty yields the problems 3} = 2iy; + (2 + 2i)e?® and y) = —2iys + (2 — 2i)e?.
From the particular solutions y; = ie?’ and y, = —ie?’, we obtain the particular solution

X:Ty:(i)l)e%.

Combining this with the complementary solution yields the result
<= 0 2 cos 2t sin 2t
“\a1)° 2sin2t —2cos2t )
The form of solution for undetermined coefficients is

x = be?t.

We find

thus, the general solution is
« — 0 2y cos 2t sin 2¢ c
-\ 4 2sin2t —2cos2t ’
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13.

15.

(a) Let z = Int, as for Cauchy-Euler equations. Then % = % %, so the differential equation
becomes
dx
— =Bx e?).
7 +g(€”)

(b) The problem is
dx (1 3\ (04
= \1 -1)*"\5)°"

. . . 1
The eigenvalues are A = 2, —2 and corresponding eigenvectors are ( i) ) and < 1 )
A particular solution has the form x = ae?; substitution of this form into the differential

equation yields a = ( g ) Hence, we have the general solution

(3 s 3\ o 1\ o, [ 3t3+3cit? +cot™?
X‘(z)e +Cl(1>e Tela )¢ T Bratt—or? )

1 ) A second solution

(a) The eigenvalue is A = 1 and an associated eigenvector is v = ( 1

is (W + vt)e!, where w = 3 < (1) ) We therefore have

- ( ZZ (%%—t)et)

tet

and
1 i+t |1 1t | -1 10| —1—4t
~ 2 ~ o~ — /
= (127 )= (o 1R )= (0 ) -
Thus, u; = —t — 2t2, uy = 4t, and the solution is

t + 2t2 .
x =Pu= ( it o2 >e.
(b) Using part (a) as a model, we expect a particular solution of the form
x = (b +dt + kvt?) e,
where b and d are undetermined constant vectors, v is an eigenvector, and k is an
undetermined scalar. Substituting this form into the equation x’ = Ax + we® and
using the identity Av = av ultimately yields the algebraic system
(A —al)d = 2kv, (A—al)b=d —w.
The matrix A — al is singular, so the first equation requires that d be any general-

ized eigenvector. The second equation also has solutions, but only if the generalized
eigenvector d is chosen carefully.
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(c) We have eigenvalue a = 2 and

A= (T15) v=(s)

The equation (A — aI)d = 2kv is consistent for any k and has solutions that satisfy
—2dy + do = 2k. The equation (A — al)b = d — w is consistent only if do = 2d; — 2,
and this requirement together with the other yields k = —1. Once a suitable vector d
is chosen, b must satisfy —2by + by =d; — 1 = %dg. The simplest solution is obtained
by choosing d; = 1 and b; = bs = dg = 0. This yields the solutions

(= _ 1Y o Lt o (=1
xp—<_2t2)e , X—d1(2)€ + ds of e+ _o2 |

Note that we have used d as the generalized eigenvector needed for x(2).

Section A.7

1. Substituting wu, = b,g,(t)sinnrx into the differential equation gives us g/, = —n?r2kg,.
Thus,

o0 1
t) = Z bpe "™ gin nrra, by, = /0 f(x)sinnrz dx.

n=1

3. (a) Using the general solution from Exercise A.7.1,

(o ¢]
Cn2a2t .
t) = E bppe " tsinnrx

where
1/2+h T
b 1/ /2+ i dp — [cos( oL — hn) — cos (" —I—hmr)]
n’ 2h 1/27h 2hnm '
The identity cos o — cos § = —2sin O‘+ﬁ sin #5% B reduces the coefficient formula to
. nm sinhnmw . nm -1 n=371L...
bup=sin o ————=,  sin- = 0 n=24,6,8,...
nn 1 n=1,509,...
(b) R
U= ’IZHI%) by ne 7 Gin e = Z sin % et gin e,
- n=1 n=1

(c) We use the same idea with f = d(x — 1/2). Thus

nm

n—/ d(z—1/2) smmr:cd:r—sm7

which is the same as the solution of part (b).
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(d) We have
. sinhnw 1+ (=)™ _ 2.2,

u(0.5,t) = o 5 e T

n=1
In particular, at ¢t = 0, the exponential factor does not contribute to the convergence of
the series. The series for u(0.5,0) does not even converge for h = 0, and the convergence
is very slow for h small. See Figure 100.

(e) The small h calculation of parts (a) and (b) requires less specialized knowledge and
study; however, the h = 0 calculation of part (c) is elementary once one has understood
how to deal with generalized functions. The h = 0 calculation is wrong for extremely
small times; however, the h small calculation is not very useful for small times anyway.
On the whole, mathematicians and engineers prefer the use of delta functions over more
detailed initial condition models such as that of part (a).

u u

3 3
2.5 2.5

2 2
1.5 1.5

1 1
0.5 0.5 ¢

+ ¥ T + + + + T + i
0. 020. 040. 060. 080. 1 0. 020. 040. 060. 080. 1

Figure 100: Exercise A.7.3

5. The original problem is
Ty = KTy, T(0,t) =100, T(1,t) =20, T(z,0)=20.

The steady state problem consists of the equations T = 0, Ts(0) = 100, and T4(1) = 20;
hence, T5(t) = —80x + 100. If we let w = T — T, the problem becomes

Wy = KWy, w(0,t) =0, w(l,t)=0, w(z,0)=80x— 80, T =100 — 80z + w.
Let u = w/80 and 7 = kt. Now the problem is
Ur = Ugz, w(0,7) =0, w(l,7)=1, wu(z,0)=z—1, T = 100 — 80x + 80u.
The solution of this problem is

oo 1

2
u(zx,t) = Z bpe "™ T sinnrz, by, = 2/ (r — 1)sinnrzdr = ——
n=1 0

nm

In terms of the original variable T,

o0
T:100—80x—z

n=1

160 _ 2 _2;, .
ekt ginmra.
nm

See Figure 101.

126



Section A.7

7.

9.

X
0.2 0.4 0.6 0.8 1

Figure 101: Exercise A.7.5

Let u = f(z)g(t). Then f satisfies f”/—Af =0, f(0) =0, f/(1) = 0 and g satisfies ¢'—\g = 0.
If A > 0, there are no solutions to the eigenvalue problem. If A = 0, then f = 1 is a solution.

If A <0, let A = —k2. Then the solutions to the eigenvalue problem are f = coskmx for
k=1,2,3,.... The solution of the differential equation for ¢ when A = 0 is g = ¢ for some
constant c. The solutions for A = —k? < 0 are g = exp(—n?7t). We therefore have a series
solution

o
2.2
u(z,t) = ap + E ane” ™ ™ tcosnmz.
n=1

The coefficients must be chosen to satisfy

oo
o(x) =ap + Z ap, COSMTL.

n=1

Since the eigenfunctions are orthogonal, we can multiply by cos mmz and integrate over [0, 1]
to get

1
ap = ¢, ap, = 2/ ¢(x) cosnrz dz,
0
where ¢ is the average of the function ¢.

(a) Substituting u = f(z)g(t) into the differential equation and putting all of functions of
x on one side gives us [’ —of =0, f(0) =0 and f'(1) = —f(1). The equation g must
satisfy is ¢ —og = 0.

(b) The constant o must be negative, so let & = —\2. Then we have
fn =sin A\, x, Ap COS A, = —sin Ay

hence, the eigenvalues are the solutions of A + tan A = 0.

(¢) The solution of the differential equation for g is g, = e~ Ant, Thus, the solution of the
homogeneous part of the problem is

o
22t .
u = by, E e ’\ntsm)\nx.

n=1

/1sin2)\ acd:c—/llcowgdx—l—smz)\"—l_w
0 " B 0 2 2 4\, 2 2\, :

Since tan A, = —\,, this integral is equal to (1 + cos? \,)/2.
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(e) The coefficients must satisfy
u(z,0) = ¢(x) = Z by, sin A, x.
n=1

Eigenfunctions are automatically orthogonal, so multiplying by sin A,,,« and integrating
yields
1+ cos® A\, )

1 1
/ ¢(z) sin Az dx = by, / sin? A,z dr = -
0 0 2

Thus,
2 ! 2
b, = 1-1—0082)\71/0 ¢(x)sin” A\, dz.
11. 4 Letting u(t,0) = f(0)g(t) and substituting this into the differential equation gives us

g—og=0, f'-of=0, f(m)=f(-m), f(r)={f(-m).

If ¢ > 0, there are no solutions to the eigenvalue problem. If ¢ = 0, then f = g = 1 is
a solution to the eigenvalue problem. If 0 = —)\2 < 0, then f = Acos A\ + Bsin A\d. The
boundary conditions are satisfies for A,, = nm. The solution for the g equation is g, = ek,
Thus the solution of the original problem can be written in the form

o
u=ag+ Z efn2t(an cos nf + by, sinnd).
n=1

From Section 8.5, Equations (5) and (6), we have

- 1
aozfzg

/7r »(0)do, a,= L ¢(0) cosn@df, b, = /7r ¢(0) sinnd db.

7 ™ -7

Section A.8

1. (a) We break this into two subproblems. The first is

Uz + Uyy = 0, O0<zy<l1
u(z,0) =0, wu(z,1)=0, u(0,y)=0, ,u(l,y)=y

The substitution u = f(y)g(x) leads to the eigenvalue problem
f"+kf=0, f0)=f1)=0, ¢ —kg=0, g(0)=0.

The solutions are f,, = sinnwy and g, = sinhnmx, and the full series solution is

oo
u = E by sinh nra sin nry.

n=1

The remaining condition is

oo
Yy = Z by, sinh n7 sin nry,

n=1

4Exercise A.7.11 contains typographical errors in the first printing. The spatial domain should be —7 < 0 < 7
and the initial condition should be u(¢,0) = ¢(0).
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from which we obtain b, sinhnr = 2 fol ysinnry dy = —2(—1)"/(nm). Thus, the solution

of this problem is
n+1

2 [e.9]
— g sinh nmx sin nmy.
T 4= smh nm

The second problem is

Ugy + Uyy = 0, O<z,y<l1
U(CL’,O) =0, u(w,l) =, U(O,y) =0, ,U(l,y) =0

This problem can be obtained from the first problem by interchanging x and y; hence,
its solution is u1(y, z). The solution of the full problem is

2 e n+1
— g (sinh nma sinnmy + sinh nry sin nrz).
T = smh nﬂ'

(b) See Figure 102. The solution seems to oscillate if you do not use enough terms and the
solution seems to become zero in a region near (1,1). These problems occur because the
boundary conditions for the two subproblems are not continuous at (1,1).

(c) See Figure 102.

0o0°

X

0.2 0.4 0.6 0.8 1

Figure 102: Exercise A.8.1

3. The solution of the homogeneous part of the problem is given by Equation (12) in the text
as

[e.e]
u = sinf + Z 7" (ayn, cosnb + by, sinnh).
The remaining boundary condition is

sinf = sin @ + Z(an cos nf + by, sinnh),

n=1

which immediately yields b; = 1 and all other coefficients are 0. The solution is
u=rsinfd =y,

which is easily verified by direct substitution.
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Figure 103: Exercises A.8.3 and A.8.5

5. (a) Let Y =1—y, U(z,Y) = u(x,1 —y). Then the problem is
Uz +Uyy =0, 0<z<2, O<y<l,

U(z,1) =2z — 2%, Uy(z,0) =0, U0, Y)=0, U(2,Y)=0.

The eigenvalue problem is

f"+kf=0, f0)=f(2)=0, ¢ —kg=0, g¢'(0)=0,
and the solutions are f, = sin %mr:c and g, = cosh %er. We therefore have the series
solution
nm nTT

> Y
U= an cosh 5 sin —.
n=1

2

The coefficients must satisfy

o0
20 — 2 = ancosh%sin ?;
n=1
hence,
2
16[1 — (—1)™
bncoshT:/(2x—x2)sinmmdx: Ll )]
2 0 2 n3m3
Thus,
16 [1—(=1)"] cosh% nmwx
U_FZ n3 cosh 2r > 9
n=1 2
and
16 <= [1 — (—=1)"] cosh =y
] n3 coshzx Mo
n=1 2

See Figure 103.
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(b) Instead we can solve the problem

Wre +Wyy =0, 0<z,y <2
w(0,y) =0, w(2,y) =0, w(z,0) =22 —-2), w(x,2)=xz(2-=1x)

To solve this we break it into two subproblems. The first is

Wre +Wyy =0, 0<z,y <2
w(0,y) =0, w(2,y)=0, w(z0) =0, w(z2)=2(2-2),

whose solution by Model Problem A.8a is

16 o~ [1 — (—1)"] sinh "Z¥  nzz
= sin
w3 — n3 sinh nm 2

w

The second is

Wre +Wyy =0, 0< a2,y <2
w(O,y) =0, w(27y) =0, w(x,O) = x(2 - x)? w($72) =0,

whose solution, using the symmetry in y, is

16 o= [1— (=1)"] sinhw . NI

n3 sinh n7 2

Thus

16 X [1 — (—1)"] sinh "2 4 sinh %)y

w=— - sin :
73 n3 sinh n 2
n=1
Then
16 <= [1 — (=1)"] nx cosh(nm/2) — cosh(nm/2) .
wy(x,1) = 3 : o g sin(nmz/2) = 0.
n=1

(c) Part (a) requires us to solve only one problem. Part (b) has us solve two problems but
they are both somewhat easier than the problem in part (a). The work in part (b) is also
much more symmetric, so the calculations are easier to follow. The solutions actually
are identical. Using the identity 2 coshasinhb = sinh(b + a) + sinh(b — a), we have

1— 1—y) . . . 2—
cosh M 2 cosh w sinh %*  sinh “5¥ + sinh w . onwx
_ . — . sin .
cosh ”7” 2 cosh % sinh ”2—” sinh nm 2

11. (a) Letting u =1 —r + w(r,#) means that w satisfies

1 1 1
Wrp + —wp + swgp =—, 0<r<l, 0<O<m
r r r

w(l,0) =0, w(r,0)=0, w(r,m)=0.

(b) The substitution w(r, ) = f(#)g(r) yields the eigenvalue problem f”+\f =0, f(0) = 0,
f(m) = 0. The solutions are f,, = sinnf forn=1,2,3,....
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(c¢) The given form for w leads to the equation
oo
Z (ngg + TQ;L - n2gn) sinnf = r.
n=1

(d) The quantity on the left of the equation of part (c) is a Fourier series; hence, it must be
the same as the Fourier series for the quantity on the right. Equating coefficients, we
have

2[1 - (=1)"]

2 ™
r2g! +rgl —nlg, = / rsinnd df =
T Jo nmw

We also have boundary conditions g(1) = 0 and |g(0)| < oo.

(e) The complementary solution of the differential equation is gn. = c17™ + cor™", and the
boundedness condition at r = 0 then forces co = 0. The particular solutions are 2r Inr/x
for n = 1 and 2[1 — (—=1)"|r/[n(1 — n?)7] for n > 2. With the initial conditions, we
obtain the results

21— (=1)"
o= 2rmr, g, =201

—r" > 2.
T n(n? — 1w (r=r"), n=

Thus, the solution of the original problem is

(o] 1_ o n
uzl—?“—i—grlnrsine—gzw

5 (r—r")sinnf.
T (il n(n? —1)

(Note that the even terms in the sum are all 0; hence, the sum starts at n = 3.)
(f) See Figure 104.

Figure 104: Exercise A.8.11
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