
1C H A P T E R

Real Numbers and
Their Properties

t has been said that baseball is the “great American pastime.” All of
us who have played the game or who have only been spectators be-
lieve we understand the game. But do we realize that a pitcher must

aim for an invisible three-dimensional target that is about 20 inches
wide by 23 inches high by 17 inches deep and that a pitcher must throw so
that the batter has difficulty hitting the ball? A curve ball may deflect
14 inches to skim over the outside corner of the plate, or a knuckle ball can
break 11 inches off center when it is 20 feet from the plate and then curve
back over the center of the plate.

The batter is trying to hit a rotating ball that can travel up to 120 miles
per hour and must make split-second decisions about shifting his weight,
changing his stride, and swinging the bat. The size of the bat each batter
uses depends on his strengths, and pitchers in turn try to capitalize on a
batter’s weaknesses.

Millions of baseball fans enjoy watching this game of strategy
and numbers. Many watch their favorite teams at the local ball
parks, while others cheer for the home team on television. Of
course, baseball fans are always interested in which team is lead-
ing the division and the number of games that their favorite
team is behind the leader. Finding the number of games be-
hind for each team in the division involves both arithmetic
and algebra. Algebra provides the formula for finding
games behind, and arithmetic is used to do the com-
putations. In Exercise 93 of Section 1.6 we will
find the number of games behind for each
team in the American League West.
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1.1 T H E  R E A L  N U M B E R S

In arithmetic we use only positive numbers and zero, but in algebra we use negative
numbers also. The numbers that we use in algebra are called the real numbers. We
start the discussion of the real numbers with some simpler sets of numbers.

The Integers

The most fundamental collection or set of numbers is the set of counting numbers
or natural numbers. Of course, these are the numbers that we use for counting. The
set of natural numbers is written in symbols as follows.

Braces, � �, are used to indicate a set of numbers. The three dots after 1, 2, and 3,
which are read “and so on,” mean that the pattern continues without end. There are
infinitely many natural numbers.

The natural numbers, together with the number 0, are called the whole numbers.
The set of whole numbers is written as follows.

Although the whole numbers have many uses, they are not adequate for indicat-
ing losses or debts.Adebt of $20 can be expressed by the negative number �20 (neg-
ative twenty). See Fig. 1.1. When a thermometer reads 10 degrees below zero on a
Fahrenheit scale, we say that the temperature is �10°F. See Fig. 1.2. The whole num-
bers together with the negatives of the counting numbers form the set of integers.

The Rational Numbers

A rational number is any number that can be expressed as a ratio (or quotient) of
two integers. The set of rational numbers includes both the positive and negative
fractions. We cannot list the rational numbers as easily as we listed the numbers in
the other sets we have been discussing. So we write the set of rational numbers in
symbols using set-builder notation as follows.

The Rational Numbers

� �
a

b
� � a and b are integers, with b � 0�

The set of such that conditions

The Integers

�. . . , �3, �2, �1, 0, 1, 2, 3, . . .�

The Whole Numbers

�0, 1, 2, 3, . . .�

The Natural Numbers

�1, 2, 3, . . .�

I n t h i s

s e c t i o n

� The Integers

� The Rational Numbers

� The Number Line

� The Real Numbers

� Absolute Value

➝ ➝ ➝

Degrees
Fahrenheit

�20
�10

0
10
20
30
40
50
60
70
80
90

100
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We read this notation as “the set of numbers of the form �
a
b

� such that a and b are

integers, with b � 0.” Note how we use the letters a and b to represent numbers
here. A letter used to represent some numbers is called a variable.

Examples of rational numbers are

�
3
1

�, �
5
4

�, ��
1
7
0
�, �

0
6

�, �
5
1

�, ��
7
3
7
�, and �

�

�

3
6
�.

Note that we usually use simpler forms for some of these rational numbers. For 
instance, �

3
1

� � 3 and �
0
6

� � 0. The integers are rational numbers because any integer 
can be written with a denominator of 1.

If you divide the denominator into the numerator, then you can convert a
rational number to decimal form. As a decimal, every rational number either repeats
indefinitely �for example, �

1
3

� � 0.333 . . .� or terminates �for example, �
1
8

� � 0.125�.

The Number Line

The number line is a diagram that helps us to visualize numbers and their relation-
ships to each other. A number line is like the scale on the thermometer in Fig. 1.2.
To construct a number line, we draw a straight line and label any convenient point
with the number 0. Now we choose any convenient length and use it to locate other
points. Points to the right of 0 correspond to the positive numbers, and points to the
left of 0 correspond to the negative numbers. The number line is shown in Fig. 1.3.
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The numbers corresponding to the points on the line are called the coordinates
of the points. The distance between two consecutive integers is called a unit and is
the same for any two consecutive integers. The point with coordinate 0 is called the
origin. The numbers on the number line increase in size from left to right. When we
compare the size of any two numbers, the larger number lies to the right of the
smaller on the number line.

E X A M P L E  1 Comparing numbers on a number line
Determine which number is the larger in each given pair of numbers.

a) �3, 2 b) 0, �4 c) �2, �1

Solution
a) The larger number is 2, because 2 lies to the right of �3 on the number line. In

fact, any positive number is larger than any negative number.

b) The larger number is 0, because 0 lies to the right of �4 on the number line.

c) The larger number is �1, because �1 lies to the right of �2 on the number line.
�

The set of integers is illustrated or graphed in Fig. 1.4 by drawing a point for
each integer. The three dots to the right and left below the number line and the blue
arrows indicate that the numbers go on indefinitely in both directions.

–1 0–2 1 2 3 4–3–4

Origin1 unit 1 unit

1.1 The Real Numbers (1–3) 3

h e l p f u l h i n t

Rational numbers are used for
ratios. For example, if 2 out of
5 students surveyed attend
summer school, then the ratio
of students who attend sum-
mer school to the total num-
ber surveyed is 2/5. Note that
the ratio 2/5 does not tell how
many were surveyed or how
many attend summer school.
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E X A M P L E  2 Graphing numbers on a number line
List the numbers described, and graph the numbers on a number line.

a) The whole numbers less than 4

b) The integers between 3 and 9

c) The integers greater than �3

Solution
a) The whole numbers less than 4 are 0, 1, 2, and 3. These numbers are shown in

Fig. 1.5.
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b) The integers between 3 and 9 are 4, 5, 6, 7, and 8. Note that 3 and 9 are not
considered to be between 3 and 9. The graph is shown in Fig. 1.6.
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c) The integers greater than �3 are �2, �1, 0, 1, and so on. To indicate the
continuing pattern, we use three dots on the graph shown in Fig. 1.7.
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The Real Numbers

For every rational number there is a point on the number line. For example, the 

number �
1
2

� corresponds to a point halfway between 0 and 1 on the number line, and 

��
5
4

� corresponds to a point one and one-quarter units to the left of 0, as shown in

Fig. 1.8. Since there is a correspondence between numbers and points on the num-
ber line, the points are often referred to as numbers.
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The set of numbers that corresponds to all points on a number line is called the
set of real numbers. A graph of the real numbers is shown on a number line by
shading all points as in Fig. 1.9. All rational numbers are real numbers, but there are

–1 0–2 1 2 3–3

1—
2

   5– —
   4 √ 2 π

–1 0–2 1 2 3–3–5 –4 ...

5 6 7 8 94321

–1 0–2 1 2 3 4–3 5

–1 0–2 1 2 3 4–3–4 . . .. . .
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s t u d y t i p

Start a personal library. This
book as well as other books
that you study from should be
the basis for your library. You
can also add books to your
library at garage-sale prices
when your bookstore sells its
old texts. If you need to refer-
ence some material in the fu-
ture, it is much easier to use a
familiar book.
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points on the number line that do not correspond to rational numbers. Those real
numbers that are not rational are called irrational. An irrational number cannot be
written as a ratio of integers. It can be shown that numbers such as 	2
 (the square
root of 2) and � (Greek letter pi) are irrational. The number 	2
 is a number that
can be multiplied by itself to obtain 2 (	2
 � 	2
 � 2). The number � is the ratio of
the circumference and diameter of any circle. Irrational numbers are not as easy to
represent as rational numbers. That is why we use symbols such as 	2
, 	3
, and �
for irrational numbers. When we perform computations with irrational numbers, we
use rational approximations for them. For example, 	2
 � 1.414 and � � 3.14.
The symbol � means “is approximately equal to.” Note that not all square roots
are irrational. For example, 	9
 � 3, because 3 � 3 � 9. We will deal with irra-
tional numbers in greater depth when we discuss roots in Chapter 9.

Figure 1.10 summarizes the sets of numbers that make up the real numbers, and
shows the relationships between them.

F I G U R E  1 . 1 0

E X A M P L E  3 Types of numbers
Determine whether each statement is true or false.

a) Every rational number is an integer.

b) Every counting number is an integer.

c) Every irrational number is a real number.

Solution
a) False. For example, �

1
2

� is a rational number that is not an integer.

b) True, because the integers consist of the counting numbers, the negatives of the
counting numbers, and zero.

c) True, because the rational numbers together with the irrational numbers form
the real numbers. �

Absolute Value

The concept of absolute value will be used to define the basic operations with real
numbers in Section 1.3. The absolute value of a number is the number’s distance
from 0 on the number line. For example, the numbers 5 and �5 are both five units
away from 0 on the number line. So the absolute value of each of these numbers

Rational numbers

Integers

…,  –3,  –2,  –1,  0,  1,  2,  3,  …

Counting numbers

Whole numbers

2—,
3

–5—,
7

155——,
13

√
––

 2 , √
––

 6 , √
––

 7 , π

5.2

Real numbers

Irrational
numbers

1.1 The Real Numbers (1–5) 5

A calculator can give rational
approximations for irrational
numbers such as 	2
 and �.

c a l c u l a t o r

c l o s e - u p

The calculator screens in this
text may differ from the
screen of the calculator model
you use. If so, you may have to
consult your manual to get
the desired results.

h e l p f u l h i n t

In mathematics, every state-
ment is either true or false. If
there is one exception to the
statement, then the statement
is false. If there is an exception
and that is part of the state-
ment, then the statement is
true.



is 5. See Fig. 1.11. We write � a � for “the absolute value of a.” So

� 5 � � 5 and � �5 � � 5.

The notation � a � represents distance, and distance is never negative. So � a � is
greater than or equal to zero for any real number a.

E X A M P L E  4 Finding absolute value
Evaluate.

a) � 3 � b) � �3 � c) � 0 � d) � �
2
3

� � e) � �0.39 �

Solution
a) � 3 � � 3 because 3 is three units away from 0.

b) � �3 � � 3 because �3 is three units away from 0.

c) � 0 � � 0 because 0 is zero units away from 0.

d) � � � e) � �0.39 � � 0.39 �

Two numbers that are located on opposite sides of zero and have the same
absolute value are called opposites of each other. The numbers 5 and �5 are
opposites of each other. We say that the opposite of 5 is �5 and the opposite of
�5 is 5. The symbol “�” is used to indicate “opposite” as well as “negative.”
When the negative sign is used before a number, it should be read as “negative.”
When it is used in front of parentheses or a variable, it should be read as “opposite.”
For example, �(5) � �5 means “the opposite of 5 is negative 5,” and �(�5) � 5
means “the opposite of negative 5 is 5.” Zero does not have an opposite in the same
sense as nonzero numbers. Zero is its own opposite. We read �(0) � 0 as the “the
opposite of zero is zero.”

In general, �a means “the opposite of a.” If a is positive, �a is negative. If a
is negative, �a is positive. Opposites have the following property.

Remember that we have defined � a � to be the distance between 0 and a on the
number line. Using opposites, we can give a symbolic definition of absolute value.

Absolute Value

Opposite of an Opposite

For any real number a,
�(�a) � a.

2
�
3

2
�
3
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–1 0–2 1 2 3 4–3–4

5 units5 units

–5 5

s t u d y t i p

Exercise sets are designed to
gradually increase in difficulty.
So start from the beginning
and work lots of exercises. If
you get stuck, go back and
study the corresponding ex-
amples. If you are still stuck,
move ahead to a new type of
exercise.

� a � � � if a is positive or zero
if a is negative

a
�a



E X A M P L E  5 Using the symbolic definition of absolute value
Evaluate.

a) � 8 �
b) � 0 �
c) � �8 �

Solution
a) If a is positive, then � a � � a. Since 8 � 0, � 8 � � 8.

b) If a is 0, then � a � � a. So � 0 � � 0.

c) If a is negative, then � a � � �a. So � �8 � � �(�8) � 8. �

True or false? Explain your answer.

1. The natural numbers and the counting numbers are the same. True

2. The number 8,134,562,877,565 is a counting number. True

3. Zero is a counting number. False

4. Zero is not a rational number. False

5. The opposite of negative 3 is positive 3. True

6. The absolute value of 4 is �4. False

7. �(�9) � 9 True

8. �(�b) � b for any number b. True

9. Negative six is greater than negative three. False

10. Negative five is between four and six. False

1.1 The Real Numbers (1–7) 7

W A R M - U P S

E X E R C I S E S1 . 1

Reading and Writing After reading this section write out
the answers to these questions. Use complete sentences.
1. What are the integers?

The integers are the numbers in the set
�. . . , �3, �2, �1, 0, 1, 2, 3, . . .�.

2. What are the rational numbers?
The rational numbers are numbers of the form �

a
b

� where a
and b are integers.

3. What is the difference between a rational and an irra-
tional number?
A rational number is a ratio of integers and an irrational
number is not.

4. What is a number line?
A number line is a line on which there is a point
corresponding to every real number.

5. How do you know that one number is larger than
another?
The number a is larger than b if a lies to the right of b on
the number line.

6. What is the ratio of the circumference and diameter of
any circle?
The ratio of the circumference and diameter of any
circle is the number �, which is approximately 3.14.

Determine which number is the larger in each given pair of
numbers. See Example 1.
7. �3, 6 6 8. 7, �10 7
9. 0, �6 0 10. �8, 0 0

11. �3, �2 �2 12. �5, �8 �5
13. �12, �15 �12 14. �13, �7 �7



List the numbers described and graph them on a number line.
See Example 2.
15. The counting numbers smaller than 6

1, 2, 3, 4, 5

16. The natural numbers larger than 4

5, 6, 7, 8, 9, . . .

17. The whole numbers smaller than 5

0, 1, 2, 3, 4

18. The integers between �3 and 3

�2, �1, 0, 1, 2

19. The whole numbers between �5 and 5

0, 1, 2, 3, 4

20. The integers smaller than �1

�2, �3, �4, �5, . . .

21. The counting numbers larger than �4

1, 2, 3, 4, 5, . . .

22. The natural numbers between �5 and 7

1, 2, 3, 4, 5, 6

23. The integers larger than �
1
2

�

1, 2, 3, 4, 5, . . .

24. The whole numbers smaller than �
7
4

�

0, 1

Determine whether each statement is true or false. Explain
your answer. See Example 3.

25. Every integer is a rational number. True

26. Every counting number is a whole number. True

27. Zero is a counting number. False

28. Every whole number is a counting number. False

29. The ratio of the circumference and diameter of a circle
is an irrational number. True

30. Every rational number can be expressed as a ratio of
integers. True

31. Every whole number can be expressed as a ratio of
integers. True

32. Some of the rational numbers are integers. True

33. Some of the integers are natural numbers. True

34. There are infinitely many rational numbers. True

35. Zero is an irrational number. False
36. Every irrational number is a real number. True

0 1

. . .1 2 3 4 5

1 2 3 4 5 6

. . .1 2 3 4 5

. . . �5 �4 �3 �2

0 1 2 3 4

�2 �1 0 1 2

0 1 2 3 4

. . .5 6 7 8 9

1 2 3 4 5
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Determine the values of the following. See Examples 4 and 5.
37. � �6 � 6 38. � 4 � 4 39. � 0 
 0

40. � 2 � 2 41. � 7 � 7 42. � �7 � 7

43. � �9 � 9 44. � �2 � 2 45. � �45 � 45

46. 
 �30 
 30 47. � �
3

4
� � �

3
4

� 48. � ��
1
2

� � �
1
2

�

49. � �5.09 � 5.09 50. � 0.00987 � 0.00987

Select the smaller number in each given pair of numbers.
51. �16, 9 �16 52. �12, �7 �12

53. ��
5

2
�, ��

9

4
� ��

5
2

� 54. �
5

8
�, �

6

7
� �

5
8

�

55. � �3 �, 2 2 56. � �6 �, 0 0

57. � �4 �, 3 3 58. � 5 �, �4 �4

Which number in each given pair has the larger absolute
value?
59. �5, �9 60. �12, �8 61. 16, �9 62. �12, 7

�9 �12 16 �12

True or false? Explain your answer.
63. If we add the absolute values of �3 and �5, we get 8.

True
64. If we multiply the absolute values of �2 and 5, we

get 10. True
65. The absolute value of any negative number is greater

than 0. True
66. The absolute value of any positive number is less than 0.

False
67. The absolute value of �9 is larger than the absolute

value of 6. True
68. The absolute value of 12 is larger than the absolute

value of �11. True

GET TING MORE INVOLVED

69. Writing. Find a real-life question for which the answer
is a rational number that is not an integer.
What is the probability that a tossed coin turns up heads?

70. Exploration. a) Find a rational number between �
1
3

�

and �
1
4

�.
b) Find a rational number between �3.205 and �3.114.
c) Find a rational number between �

2
3

� and 0.6667.
d) Explain how to find a rational number between

any two given rational numbers.
a) �

2
7
4
� b) �3.115 c) 0.66669

d) Add them and divide the result by 2.
71. Discussion. Suppose that a is a negative real num-

ber. Determine whether each of the following is positive
or negative, and explain your answer.
a) �a b) � �a � c) � � a � d) �(�a) e) � � �a �
If a is negative, then �a and � �a � are positive. The rest
are negative.



1.2 F R A C T I O N S

In this section and the next two, we will discuss operations performed with real
numbers. We begin by reviewing the operations with fractions.

Equivalent Fractions

If a pizza is cut into 3 equal pieces and you eat 2, you have eaten �
2
3

� of the pizza. If

the pizza is cut into 6 equal pieces and you eat 4, you have still eaten 2 out of every

3 pieces. So the fraction �
4
6

� is considered equal or equivalent to �
2
3

�. See Fig. 1.12.

Every fraction can be written in infinitely many equivalent forms. Consider the

following equivalent forms of �
2
3

�:

�
2
3

� � �
4
6

� � �
6
9

� � �
1
8
2
� � �

1
1
0
5
� � · · ·

Notice that each equivalent form of �
2
3

� can be obtained by multiplying the numerator 

(top number) and denominator (bottom number) of �
2
3

� by a nonzero number. For
example,

�
2
3

� � �
2
3

�

�

5
5

� � �
1
1
0
5
�. The raised dot indicates multiplication.

Converting a fraction into an equivalent fraction with a larger denominator is called
building up the fraction.

Multiplying the numerator and denominator of a fraction by a nonzero number
changes the fraction’s appearance but not its value.

E X A M P L E  1 Building up fractions
Build up each fraction so that it is equivalent to the fraction with the indicated
denominator.

a) �
3
4

� � �
2
?
8
� b) �

5
3

� � �
3
?
0
�

Solution
a) Because 4 · 7 � 28, we multiply both the numerator and denominator by 7:

� �

b) Because 3 · 10 � 30, we multiply both the numerator and denominator by 10:

� � �
50
�
30

5 · 10
�
3 · 10

5
�
3

21
�
28

3 · 7
�
4 · 7

3
�
4

Building Up Fractions

If b � 0 and c � 0, then

�
a

b
� � �

a

b

�

�

c

c
�.

The three dots
mean “and so on.”
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➝
�

I n t h i s

s e c t i o n

� Equivalent Fractions

� Multiplying Fractions

� Dividing Fractions

� Adding and Subtracting
Fractions

� Fractions, Decimals, and
Percents

� Applications

1—
6

1—
6

1—
6

1—
6

1—
6

1—
6

1—
3

2—
6

=

1—
3

2—
6

=

1—
3

2—
6

=
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h e l p f u l h i n t

In algebra it is best to build up
fractions by multiplying both
the numerator and denomi-
nator by the same number as
shown in Example 1. So if you
use an old method, be sure to
learn this method.



Converting a fraction to an equivalent fraction with a smaller denominator is 
called reducing the fraction. For example, to reduce �

1
1

0
5
�, we factor 10 as 2 · 5 and 15

as 3 · 5, and then divide out the common factor 5:

� �

The fraction �
2
3

� cannot be reduced further because the numerator 2 and the denomina-

tor 3 have no factors (other than 1) in common. So we say that �
2
3

� is in lowest terms.

Dividing the numerator and denominator of a fraction by a nonzero number changes
the fraction’s appearance but not its value.

E X A M P L E  2 Reducing fractions
Reduce each fraction to lowest terms.

a) b)

Solution
For each fraction, factor the numerator and denominator and then divide by the
common factor:

a) � � b) � � �
7
�
5

7 · 6�
�
5 · 6�

42
�
30

5
�
8

3� · 5
�
3� · 8

15
�
24

42
�
30

15
�
24

Reducing Fractions

If b � 0 and c � 0, then

�
a

b

�

�

c

c
� � �

a

b
�.

2
�
3

2 · 5�
�
3 · 5�

10
�
15
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h e l p f u l h i n t

In algebra it is best to reduce
fractions as shown here. First
factor the numerator and de-
nominator and then divide
out (or cancel) the common
factors. Be sure to learn this
method.

Strategy for Obtaining Equivalent Fractions

Equivalent fractions can be obtained by multiplying or dividing the numerator
and denominator by the same nonzero number.

To reduce a fraction to lowest
terms using a graphing calcu-
lator, display the fraction and
use the fraction feature.

c a l c u l a t o r

c l o s e - u p

If the fraction is too compli-
cated, the calculator will re-
turn a decimal equivalent
instead of reducing it.

1—
6

1—
6

1—
6

1—
6

1—
6

1—
6
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Multiplying Fractions

Suppose a pizza is cut into three equal pieces. If you eat �
1
2

� of one piece, you have

eaten �
1
6

� of the pizza. See Fig. 1.13. You can obtain �
1
6

� by multiplying �
1
2

� and �
1
3

�:

· � �

This example illustrates the definition of multiplication of fractions. To multiply
two fractions, we multiply their numerators and multiply their denominators.

Multiplication of Fractions

If b � 0 and d � 0, then

� � .
a � c
�
b � d

c
�
d

a
�
b

1
�
6

1 · 1
�
2 · 3

1
�
3

1
�
2
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A graphing calculator can
multiply fractions and get
fractional answers using the
fraction feature. Note how a
mixed number is written on a
graphing calculator.

c a l c u l a t o r

c l o s e - u p

E X A M P L E  3 Multiplying fractions
Find the product, �

2
3

� · �
5
8

�.

Solution
Multiply the numerators and the denominators:

· �

� Factor the numerator and denominator.

� Divide out the common factor 2. �

It is usually easier to reduce before multiplying, as shown in the next example.

E X A M P L E  4 Reducing before multiplying
Find the indicated products.

a) · b) ·

Solution

a) · � · �

b) Factor the numerators and denominators, and then divide out the common
factors before multiplying:

· � · � �

Dividing Fractions

Again consider a pizza that is cut into three equal pieces. If one piece is divided

among two people ��
1
3

� 	 2�, then each person gets �
1
6

� of the pizza. Of course �
1
2

� of �
1
3

� is

also �
1
6

�. So

	 2 � · � .

If a 	 b � c, then b is called the divisor and c is called the quotient of a and b. We

also refer to both a 	 b and �
a
b

� as the quotient of a and b. To find the quotient for two

fractions, we invert the divisor and multiply.

Division of Fractions

If b � 0 and c � 0 and d � 0, then

	 � � .
d
�
c

a
�
b

c
�
d

a
�
b

1
�
6

1
�
2

1
�
3

1
�
3

6
�
11

3 · 5�
�
2� · 11

2 · 2�
�

5�
15
�
22

4
�
5

1
�
4

3�
�
4

1
�
3�

3
�
4

1
�
3

15
�
22

4
�
5

3
�
4

1
�
3

5
�
12

2� · 5
�
2� · 12

10
�
24

5
�
8

2
�
3
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When the divisor is a fraction
on a graphing calculator, it
must be in parentheses. A dif-
ferent result is obtained with-
out using parentheses. Note
that when the divisor is a
whole number, parentheses
are not necessary.

c a l c u l a t o r

c l o s e - u p

Try these computations on
your calculator.

h e l p f u l h i n t

A good way to remember that
you need common denomi-
nators for addition is to think
of a simple example. If you
own 1�3 share of a car wash
and your spouse owns 1�3,
then together you own 2�3 of
the business.

E X A M P L E  5 Dividing fractions
Find the indicated quotients.

a) 	 b) 	 5

Solution
In each case we invert the divisor (the number on the right) and multiply.

a) 	 � · Invert the divisor.

� · Reduce.

� �
2
7

� Multiply.

b) 	 5 � 	 � · � �

Adding and Subtracting Fractions
To understand addition and subtraction of fractions, again
consider the pizza that is cut into six equal pieces as shown 

in Fig. 1.14. If you eat �
3
6

� and your friend eats �
2
6

�, together you

have eaten �
5
6

� of the pizza. Similarly, if you remove �
1
6

� from �
6
6

�

you have �5
6

� left. To add or subtract fractions with identical

denominators, we add or subtract their numerators and write 
the result over the common denominator.

Addition and Subtraction of Fractions

If b � 0, then


 � and � � .

E X A M P L E  6 Adding and subtracting fractions
Perform the indicated operations.

a) 
 b) �

Solution

a) 
 � b) � � � �
�

If the fractions have different denominators, we must convert them to equivalent
fractions with the same denominator and then add or subtract. For example, to add
the fractions �

1
2

� and �
1
3

�, we build up each fraction to get a denominator of 6. See

2
�
5

2� · 2
�
2� · 5

4
�
10

3
�
10

7
�
10

3
�
7

2
�
7

1
�
7

3
�
10

7
�
10

2
�
7

1
�
7

a � c
�

b
c
�
b

a
�
b

a 
 c
�

b
c
�
b

a
�
b

2
�
15

1
�
5

2
�
3

5
�
1

2
�
3

2
�
3

2 · 3�
�

7

1
�
3�

6
�
7

1
�
3

7
�
6

1
�
3

2
�
3

7
�
6

1
�
3

1—
6

1—
6

1—
6

1—
6

1—
6

1—
6

3—
6

2—
6

5—
6

+ =

F I G U R E  1 . 1 4



Fig. 1.15. The denominator 6 is the smallest number that is a multiple of both 2 and
3. For this reason, 6 is called the least common denominator (LCD). To find the
LCD, use the following strategy.

1.2 Fractions (1–13) 13

1. Make a list of all multiples of one of the denominators.
2. The first number on the list that is evenly divisible by the other denominator

is the LCD.

Strategy for Finding the LCD

For example, for and consider all multiples of 6:

6, 12, 18, 24, 30, 36, . . .

The first number in this list divisible by 8 is 24. So the LCD is 24. This method
works well if the denominators are not too large. In Chapter 7 we will learn another
method that is better suited for large numbers and algebra.

E X A M P L E  7 Adding fractions

Perform the indicated operations.

a) 
 b) �

c) � d) 2 


Solution
a) In the multiples of 2 (2, 4, 6, 8, . . .), the first number divisible by 3 is 6. So 6 is

the LCD.


 � 
 The LCD is 6.

� 
 Build each denominator to a denominator of 6.

� Then add.

b) In the multiples of 3 (3, 6, 9, 12, 15, . . .), the first number divisible by 12 is 12.
So the LCD is 12.

� � � The LCD is 12.

� � Build up to get a denominator of 12.

� Subtract.

� Reduce to lowest terms.
1
�
4

3
�
12

1
�
3

1
�
12

4
�
12

1
�
12

1 � 4
�
3 � 4

1
�
12

1
�
3

5
�
6

2
�
6

3
�
6

1 � 2
�
3 � 2

1 � 3
�
2 � 3

1
�
3

1
�
2

5
�
9

1
�
3

1
�
6

3
�
4

1
�
12

1
�
3

1
�
3

1
�
2

1
�
8

1
�
6

1—
6

1—
6

1—
6

1—
6

1—
6

1—
6

1—
2

1—
3

5—
6

+ =

2—
6

1—
3

=

3—
6

1—
2

=

F I G U R E  1 . 1 5

s t u d y t i p

Read the material in the text
before it is discussed in class,
even if you do not totally un-
derstand it. The classroom dis-
cussion will be the second
time you have seen the mate-
rial and it will be easier to
question points that you do
not understand.



c) In the multiples of 4 (4, 8, 12, 16, . . .), the first number divisible by 6 is 12. So
12 is the LCD, the smallest multiple of 4 and 6.

� � � The LCD is 12.

� � Build up each fraction to a denominator of 12.

�

d) To perform addition with the mixed number 2�
1
3

�, first convert it into an
improper fraction: 2�

1
3

� � 2 
 �
1
3

� � �
6
3

� 
 �
1
3

� � �
7
3

�.

2 
 � 
 Write 2�
1
3

� as an improper fraction.

� 
 The LCD is 9.

� 
 �
�

Fractions, Decimals, and Percents

In the decimal number system, fractions with a denominator of 10, 100, 1000, and
so on are written as decimal numbers. For example,

� 0.3, � 0.25, and � 0.005.

Fractions with a denominator of 100 are often written as percents. Think of the per-
cent symbol (%) as representing the denominator of 100. For example,

� 25%, � 5%, and � 300%.

The next example illustrates further how to convert from any one of the forms (frac-
tion, decimal, percent) to the others.

E X A M P L E  8 Changing forms
Convert each given fraction, decimal, or percent into its other two forms.

a) b) 6% c) 0.1

Solution

a) � � � 20% and � � � 0.2

So � 0.2 � 20%.
1
�
5

2
�
10

1 � 2
�
5 � 2

1
�
5

20
�
100

1 � 20
�
5 � 20

1
�
5

1
�
5

300
�
100

5
�
100

25
�
100

5
�
1000

25
�
100

3
�
10

26
�
9

5
�
9

21
�
9

5
�
9

7 � 3
�
3 � 3

5
�
9

7
�
3

5
�
9

1
�
3

7
�
12

2
�
12

9
�
12

1 � 2
�
6 � 2

3 � 3
�
4 � 3

1
�
6

3
�
4

14 (1–14) Chapter 1 Real Numbers and Their Properties

s t u d y t i p

Take notes in class. Write
down everything you can. As
soon as possible after class,
rewrite your notes. Fill in de-
tails and make corrections.
Make a note of examples and
exercises in the text that are
similar to examples in your
notes. If your instructor takes
the time to work an example
in class, it is a good bet that
your instructor expects you to
understand the concepts
involved.

h e l p f u l h i n t

Recall the place value for deci-
mal numbers:

tenths
hundredths

thousandths
ten thousandths

0.2635

So 0.2635 = �
1
2
0
6
,0
3
0
5
0

�.



b) 6% � � 0.06 and � �

So 6% � 0.06 � �
5
3
0
�.

c) 0.1 � � � � 10%

So 0.1 � � 10%.
�

1
�
10

10
�
100

1 � 10
�
10 � 10

1
�
10

3
�
50

2� � 3
�
2� � 50

6
�
100

6
�
100

1.2 Fractions (1–15) 15

Floor

Joist
Plates

Stud

Shoe

Concrete slab

3—
4

11   �1—
2

92    �5—
8

1 1—
2

1   �1—
2

�

�

F I G U R E  1 . 1 6

Applications

The dimensions for lumber used in construction are usually given in fractions. For
example, a 2 � 4 stud used for framing a wall is actually 1�

1
2

� in. by 3�
1
2

� in. by

92�
5
8

� in. A 2 � 12 floor joist is actually 1�
1
2

� in. by 11�
1
2

� in.

E X A M P L E  9 Framing a two-story house
In framing a two-story house, a carpenter uses a 2 � 4 shoe, a wall stud, two

2 � 4 plates, then 2 � 12 floor joists, and a �
3
4

�-in. plywood floor, before starting

the second level. Use the dimensions in Fig. 1.16 to find the total height of the
framing shown.

Solution
We can find the total height using multiplication and addition:

3 · 1 
 92 
 11 
 � 4 
 92 
 11 


� 4 
 92 
 11 


� 107

� 109

The total height of the framing shown is 109 �
3
8

� in. �

3
�
8

19
�
8

6
�
8

4
�
8

5
�
8

4
�
8

3
�
4

1
�
2

5
�
8

1
�
2

3
�
4

1
�
2

5
�
8

1
�
2

A calculator can convert fractions to decimals and decimals
to fractions. The calculator shown here converts the termi-
nating decimal 0.333333333333 into 1�3 even though 1�3 is
a repeating decimal with infinitely many threes after the
decimal point.

c a l c u l a t o r  c l o s e - u p



True or false? Explain your answer.

1. Every fraction is equal to infinitely many equivalent fractions. True

2. The fraction �
1
8
2
� is equivalent to the fraction �

4
6

�. True

3. The fraction �
1
8
2
� reduced to lowest terms is �

4
6

�. False

4. · � True 5. · � True 6. · � True

7. 	 3 � True 8. 5 	 � 10 True 9. 
 � False

10. 2 � � True
3
�
2

1
�
2

2
�
6

1
�
4

1
�
2

1
�
2

1
�
6

1
�
2

6
�
10

6
�
5

1
�
2

3
�
10

3
�
5

1
�
2

1
�
3

2
�
3

1
�
2
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M A T H  A T  W O R K

B U I L D I N G
C O N T R A C T O R

Building a new house can be a complicated and
daunting task. Shirley Zaborowski, project manager
for Court Construction, is responsible for estimat-
ing, pricing, negotiating, subcontracting, and sched-
uling all portions of new house construction.

Ms. Zaborowski works from drawings and first
does a “take off” or estimate for the quantity of ma-
terial needed. The quantity of concrete is measured
in cubic yards and the amount of wood is measured in board feet. If masonry is
being used, it is measured in bricks or blocks per square foot.

Scheduling is another important part of the project manager’s responsibility and
it is based on the take off. Certain industry standards help Ms. Zaborowski estimate
how many carpenters are needed and how much time it takes to frame the house and
how many electricians and plumbers are needed to wire the house, install the heat-
ing systems, and put in the bathrooms. Of course, common sense says that the foun-
dation is done before the framing and the roof. However, some rough plumbing and
electrical work can be done simultaneously with the framing. Ideally the estimates
of time and cost are accurate and the homeowner can move in on schedule.

In Exercise 103 of this section you will use operations with fractions to find the
volume of concrete needed to construct a rectangular patio.

W A R M - U P S

E X E R C I S E S1 . 2

Reading and Writing After reading this section write out 
the answers to these questions. Use complete sentences.
1. What are equivalent fractions?

If two fractions are identical when reduced to lowest
terms, then they are equivalent fractions.

2. How can you find all fractions that are equivalent to a
given fraction?
Reduce the fraction to lowest terms and then multiply the
numerator and denominator by every counting number.

3. What does it mean to reduce a fraction?
To reduce a fraction means to find an equivalent fraction
that has no factor common to the numerator and
denominator.

4. For which operations with fractions are you required to
have common denominators? Why?
Common denominators are required for addition and
subtraction, because it makes sense to add �

1
3

� of a pie
and �

1
3

� of a pie and get �
2
3

� of a pie.



5. How do you convert a fraction to a decimal?
Convert a fraction to a decimal by dividing the
denominator into the numerator.

6. How do you convert a percent to a fraction?
Convert a percent to a fraction by dividing by 100, as in
4% � �

1
4
00
�.

Build up each fraction or whole number so that it is equiva-
lent to the fraction with the indicated denominator. See Ex-
ample 1.

7. �
3
4

� � �
8
?

� �
6
8

� 8. �
5
7

� � �
2
?
1
� �

1
2

5
1
� 9. �

8
3

� � �
1
?
2
� �

3
1

2
2
�

10. �
7
2

� � �
8
?

� �
2
8
8
� 11. 5 � �

2
?

� �
1
2
0
� 12. 9 � �

3
?

� �
2
3
7
�

13. �
3
4

� � �
10

?
0

� �
1
7
0
5
0

� 14. �
1
2

� � �
10

?
0

� �
1
5
0
0
0

� 15. �
1
3
0
� � �

10
?
0

� �
1
3
0
0
0

�

16. �
2
5

� � �
10

?
0

� �
1
4
0
0
0

� 17. �
5
3

� � �
4
?
2
� �

7
4

0
2
� 18. �

5
7

� � �
9
?
8
� �

7
9

0
8
�

Reduce each fraction to lowest terms. See Example 2.

19. �
3
6

� �
1
2

� 20. �
1
2
0
� �

1
5

� 21. �
1
1
2
8
� �

2
3

� 22. �
3
4
0
0
� �

3
4

�

23. �
1
5
5
� 3 24. �

3
1
9
3
� 3 25. �

1
5
0
0
0

� �
1
2

� 26. �
10

5
00
� �

2
1
00
�

27. �
2
1
0
0
0
0

� 2 28. �
1
1
2
0
5
0

� �
5
4

� 29. �
1
4
8
8
� �

3
8

� 30. �
1
3
0
4
2

� �
1
3

�

31. �
2
4
6
2
� �

1
2

3
1
� 32. �

1
7
1
0
2

� �
5
8

� 33. �
8
9
4
1
� �

1
1

2
3
� 34. �

1
1
2
3
1
2

� �
1
1
2
1
�

Find each product. See Examples 3 and 4.

35. �
2
3

� · �
5
9

� �
1
2

0
7
� 36. �

1
8

� · �
1
8

� �
6
1
4
� 37. �

1
3

� · 15 5

38. �
1
4

� · 16 4 39. �
3
4

� · �
1
1
4
5
� �

1
7
0
� 40. �

5
8

� · �
1
3
2
5
� �

1
3
4
�

41. �
2
5

� · �
3
2
5
6
� �

1
7
3
� 42. �

1
3
0
� · �

2
2
0
1
� �

2
7

� 43. �
1
2

� · �
6
5

� �
3
5

�

44. �
1
2

� · �
3
5

� �
1
3
0
� 45. �

1
2

� · �
1
3

� �
1
6

� 46. �
1
3
6
� · �

1
7

� �
1
3
12
�

Find each quotient. See Example 5.

47. �
3
4

� 	 �
1
4

� 3 48. �
2
3

� 	 �
1
2

� �
4
3

�

49. �
1
3

� 	 5 �
1
1
5
� 50. �

3
5

� 	 3 �
1
5

�

51. 5 	 �
5
4

� 4 52. 8 	 �
2
3

� 12

53. �
1
6
0
� 	 �

3
4

� �
4
5

� 54. �
2
3

� 	 �
1
2
0
1
� �

7
5

�

55. �
1
3
6
� 	 �

5
2

� �
4
3
0
� 56. �

1
8

� 	 �
1
5
6
� �

2
5

�

1.2 Fractions (1–17) 17

Find each sum or difference. See Examples 6 and 7.

57. �
1
4

� 
 �
1
4

� �
1
2

� 58. �
1
1
0
� 
 �

1
1
0
� �

1
5

�

59. �
1
5
2
� � �

1
1
2
� �

1
3

� 60. �
1
1
7
4
� � �

1
5
4
� �

6
7

�

61. �
1
2

� � �
1
4

� �
1
4

� 62. �
1
3

� 
 �
1
6

� �
1
2

�

63. �
1
3

� 
 �
1
4

� �
1
7
2
� 64. �

1
2

� 
 �
3
5

� �
1
1
0
1
�

65. �
3
4

� � �
2
3

� �
1
1
2
� 66. �

4
5

� � �
3
4

� �
2
1
0
�

67. �
1
6

� 
 �
5
8

� �
1
2
9
4
� 68. �

3
4

� 
 �
1
6

� �
1
1
2
1
�

69. �
2
5
4
� � �

1
1
8
� �

7
1
2
1
� 70. �

1
3
6
� � �

2
1
0
� �

8
1
0
1
�

71. 3�
5
6

� 
 �
1
5
6
� �

1
4
9
8
9

� 72. 5�
3
8

� � �
1
1
5
6
� �

7
1
1
6
�

Convert each given fraction, decimal, or percent into its
other two forms. See Example 8.

73. �
3
5

� 60%, 0.6 74. �
1
2
9
0
� 95%, 0.95

75. 9% �
1
9
00
�, 0.09 76. 60% 0.6, �

3
5

�

77. 0.08 8%, �
2
2
5
� 78. 0.4 40%, �

2
5

�

79. �
3
4

� 0.75, 75% 80. �
5
8

� 0.625, 62.5%

81. 2% �
5
1
0
�, 0.02 82. 120% �

6
5

�, 1.20

83. 0.01 �
1
1
00
�, 1% 84. 0.005 �

2
1
00
�, 0.5%

Perform the indicated operations.

85. �
3
8

� 	 �
1
8

� 3 86. �
7
8

� 	 �
1
3
4
� �

4
1
9
2
�

87. �
3
4

� · �
2
2
8
1
� 1 88. �

1
5
6
� · �

1
3
0
� �

3
3
2
�

89. �
1
7
2
� 
 �

3
5
2
� �

7
9
1
6
� 90. �

1
2
5
� 
 �

2
8
1
� �

1
3
8
5
�

91. �
2
5
4
� � �

1
1
5
� �

1
1
2
7
0

� 92. �
1
9
6
� � �

1
1
2
� �

2
4
3
8
�

93. 3�
1
8

� 
 �
1
1
5
6
� �

6
1
5
6
� 94. 5 �

1
4

� � �
1
9
6
� �

7
1
5
6
�

95. 7 �
2
3

� · 2 �
1
4

� �
6
4
9
� 96. 6�

1
2

� 	 �
7
2

� �
1
7
3
�

97. �
1
2

� 
 �
1
3

� 
 �
1
4

� �
1
1
3
2
� 98. �

1
2

� 
 �
1
3

� � �
1
6

� �
2
3

�

99. �
1
2

� · �
1
2

� · �
1
2

� �
1
8

� 100. �
2
3

� · �
2
3

� · �
2
3

� �
2
8
7
�



Solve each problem. See Example 9.
101. Stock prices. On Monday, GM stock opened at 54 �

3
4

�

per share and closed up �
1
3
6
�. On Tuesday it closed down 

�
1
8

�. On Wednesday it gained �
1
5
6
�. On Thursday it fell �

1
4

�. On 
Friday there was no change. What was the closing
price on Friday? What was the percent change for the
week?
54 �

7
8

�, up 0.2%

102. Diversification. Helen has �
1
5

� of her portfolio in U.S.
stocks, �

1
8

� of her portfolio in European stocks, and �
1
1
0
� of 

her portfolio in Japanese stocks. The remainder is in-
vested in municipal bonds. What fraction of her port-
folio is invested in municipal bonds? What percent is
invested in municipal bonds?

�
2
4
3
0
�, 57.5%
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b) Find the exact volume of concrete in cubic feet and
cubic yards for a patio that is 12 �

1
2

� feet long, 8�
3
4

� feet

wide, and 4 inches thick. 36 �
2
1
4
1
� ft3 or 1 �

2
6
2
4
7
8

� yd3

104. Bundle of studs. A lumber yard receives 2 � 4 studs
in a bundle that contains 25 rows (or layers) of studs
with 20 studs in each row. A 2 � 4 stud is actually
1 �

1
2

� in. by 3 �
1
2

� in. by 92 �
5
8

� in. Find the cross-sectional area 
of a bundle in square inches. Find the volume of a bun-
dle in cubic feet. (The formula V � LWH gives the
volume of a rectangular solid.) 2625 in.2, 140.7 ft3

GET TING MORE INVOLVED

105. Writing. Find an example of a real-life situation in
which it is necessary to add two fractions.

106. Cooperative learning. Write a step-by-step proce-
dure for adding two fractions with different denomi-
nators. Give your procedure to a classmate to try out
on some addition problems. Refine your procedure as
necessary.

107. Fraction puzzle. A wheat farmer in Manitoba left
his L-shaped farm (shown in the diagram) to his four
daughters. Divide the property into four pieces so that
each piece is exactly the same size and shape.

Each daughter gets 3 km2 	 4 or a �
3
4

� km2 piece of the 
farm. Divide the farm into 12 equal squares. Give each
daughter an L-shaped piece consisting of 3 of those
12 squares.

L (ft) W (ft) V (yd3)

16 14 2.8

14 10 1.7

12 9 1.3

10 8 1.0

Concrete required for 4 in. thick patio

F I G U R E  F O R  E X E R C I S E  1 0 3

2 km

1 km

1 km

1 km

1 km

2 km

F I G U R E  F O R  E X E R C I S E  1 0 7

1—
81—

10 1—
5

Municipal
bonds

Helen’s portfolio

Japanese
stocks

European 
stocks

U.S. 
stocks

F I G U R E  F O R  E X E R C I S E  1 0 2

103. Concrete patio. A contractor plans to pour a concrete
rectangular patio.
a) Use the table to find the approximate volume of

concrete in cubic yards for a 9 ft by 12 ft patio that
is 4 inches thick. 1.3 yd3


