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EXAMPLE 1

'study \tip

Write about what you read in
the text. Sum things up in
your own words. Write out
important facts on note cards.
When you have a few spare
minutes in between classes
review your note cards. Try to
get the information on the
cards into your memory.

Systems of Linear Equations and Inequalities

(;6 GRAPHING LINEAR
" IN TWO VARIABLES

You studied linear inequalities in one variable in Chapter 3. In this section we ex-
tend the ideas of linear equations in two variables to study linear inequalities in two
variables.

INEQUALITIES

Definition

Linear inequalities in two variables have the same form as linear equations in two
variables. An inequality symbol is used in place of the equal sign.

Linear Inequality in Two Variables
If A, B, and C are real numbers with A and B not both zero, then
Ax + By < C

is called a linear inequality in two variables. In place of <, we can also
use =, >, or =.

The inequalities
3x — 4y =38,

are linear inequalities. Not all of these are in the form of the definition, but they
could all be rewritten in that form.

An ordered pair is a solution to an inequality in two variables if the ordered pair
satisfies the inequality.

y>2x — 3, and x—y +9<0

Satisfying a linear inequality
Determine whether each point satisfies the inequality 2x — 3y = 6.
a) 4,1 b) (3,0) © (3,2

Solution
a) To determine whether (4, 1) is a solution to the inequality, we replace x by 4
and y by 1 in the inequality 2x — 3y = 6:
2(4) —3(1)=6
8—-3=6
5=6
So (4, 1) does not satisfy the inequality 2x — 3y = 6.
b) Replace x by 3 and y by 0:
2(3) —3(0) =6
6 =6 Correct
So the point (3, 0) satisfies the inequality 2x — 3y = 6.
¢) Replace x by 3 and y by —2:
23) —3(—2)=6
6+6=6
12 =6 Correct
So the point (3, —2) satisfies the inequality 2x — 3y = 6. [

Incorrect
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Graph of a Linear Inequality

The graph of a linear inequality in two variables consists of all points in the rectan-
gular coordinate system that satisfy the inequality. For example, the graph of the
inequality

y>x+2

consists of all points where the y-coordinate is larger than the x-coordinate plus 2.
Consider the point (3, 5) on the line

y=x+2.

The y-coordinate of (3, 5) is equal to the x-coordinate plus 2. If we choose a point
with a larger y-coordinate, such as (3, 6), it satisfies the inequality and it is above the
line y = x + 2. In fact, any point above the line y = x + 2 satisfies y > x + 2.
Likewise, all points below the line y = x + 2 satisfy the inequality y < x + 2. See

Fig. 8.7.
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To graph the inequality, we shade all points above the line y = x + 2. To
indicate that the line is not included in the graph of y > x + 2, we use a dashed
line.

The procedure for graphing linear inequalities is summarized as follows.

4( Strategy for Graphing a Linear Inequality in Two Variables )7

1. Solve the inequality for y, then graph y = mx + b.
y > mx + b is the region above the line.
y = mx + b is the line itself.

y < mx + b is the region below the line.
2. If the inequality involves only x, then graph the vertical line x = k.
x > k is the region to the right of the line.
x = k is the line itself.
x < k is the region to the left of the line.
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EXAMPLE 2

Graphing a linear inequality
Graph each inequality.

a)y<%x+1 b) y= —2x + 3
¢ 2x —3y<6

Solution
a) The set of points satisfying this inequality is the region below the line

1
=-x+1.
y=gx

To show this region, we first graph the boundary line. The slope of the line is l,
and the y-intercept is (0, 1). We draw the line dashed because it is not part of the
graph of y < %x + 1. In Fig. 8.8 the graph is the shaded region.
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EXAMPLE 3

b) Because the inequality symbol is =, every point on or above the line satisfies this
inequality. We use the fact that the slope of this line is —2 and the y-intercept is
(0, 3) to draw the graph of the line. To show that the line y = —2x + 3 is included
in the graph, we make it a solid line and shade the region above. See Fig. 8.9.

¢) First solve for y:
2x — 3y <6
3y < —2x+6

2
y > gx — 2 Divide by —3 and reverse the inequality.

To graph this inequality, we first graph the line with slope % and y-intercept
(0, —2). We use a dashed line for the boundary because it is not included, and
we shade the region above the line. Remember, “less than” means below the line

and “greater than” means above the line only when the inequality is solved for
y. See Fig. 8.10 for the graph. |

Horizontal and vertical boundary lines
Graph each inequality.
a) y=4 b) x >3

Solution

a) The line y = 4 is the horizontal line with y-intercept (0, 4). We draw a solid
horizontal line and shade below it as in Fig. 8.11.



EXAMPLE 4

Some people always like to
choose (0, 0) as the test point
for lines that do not go
through (0, 0). The arithmetic
for testing (0, 0) is generally
easier than for any other point.
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b) The line x = 3 is a vertical line through (3, 0). Any point to the right of this line
has an x-coordinate larger than 3. The graph is shown in Fig. 8.12.
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Using a Test Point to Graph an Inequality

The graph of a linear equation such as 2x — 3y = 6 separates the coordinate plane
into two regions. One region satisfies the inequality 2x — 3y > 6, and the other re-
gion satisfies the inequality 2x — 3y << 6. We can tell which region satisfies which
inequality by testing a point in one region. With this method it is not necessary to
solve the inequality for y.

Using a test point
Graph the inequality 2x — 3y > 6.

Solution

First graph the equation 2x — 3y = 6 using the x-intercept (3, 0) and the
y-intercept (0, —2) as shown in Fig. 8.13. Select a point on one side of the line, say
(0, 1), to test in the inequality. Because

2(0) —3(1)> 6

is false, the region on the other side of the line satisfies the inequality. The graph
of 2x — 3y > 6 is shown in Fig. 8.14.
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Applications

The values of variables used in applications are often restricted to nonnegative
numbers. So solutions to inequalities in these applications are graphed in the first
quadrant only.
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GETTING MORE INVOLVED all of the points graphed by this student satisfy the in-

ﬁ 52. Discussion. When asked to graph the inequality

equality?

x + 2y < 12, a student found that (0, 5) and (8, 0) both @ 53. Writing. Compare and contrast the two methods pre-

satisfied x + 2y < 12. The student then drew a dashed sented in this section for graphing linear inequalities.
line through these two points and shaded the region What are the advantages and disadvantages of each
below the line. What is wrong with this method? Do method? How do you choose which method to use?

Inthis
section

e The Solution to a System
of Inequalities

e Graphing a System
of Inequalities

EXAMPLE 1

/study tip

Read the text and recite to
yourself what you have read.
Ask questions and answer
them out loud. Listen to your
answers to see if they are
complete and correct. Would
other students understand
your answers?

67 GRAPHING SYSTEMS OF LINEAR
" INEQUALITIES

In Section 8.6 you learned how to solve a linear inequality. In this section you will
solve systems of linear inequalities.

The Solution to a System of Inequalities

A system of inequalities consists of two or more inequalities. A point is a solution
to a system of inequalities if it satisfies all of the inequalities in the system.

Satisfying a system of inequalities
Determine whether each point is a solution to the system of inequalities:
2x + 3y <6
y>2x — 1
a) (—3,2) b) 4, —3) c) 5,1

Solution
a) The point (—3, 2) is a solution to the system if it satisfies both inequalities. Let
x = —3 and y = 2 in each inequality:
2x + 3y <6 y>2x — 1
2(=3) +32) <6 2>2(-3)—1
0<6 2> -7

Because both inequalities are satisfied, the point (—3, 2) is a solution to the
system.

b) Letx = 4 and y = —3 in each inequality:

2x + 3y <6 y>2x — 1
2(4) +3(-3)<6 -3>24) — 1
-1<6 -3>7

Because only one inequality is satisfied, the point (4, —3) is not a solution to the
system.

¢) Letx = 5andy = 1 in each inequality:
2x + 3y <6 y>2x — 1
2(5) +3(1) <6 1>205) —1
13<6 1>9

Because neither inequality is satisfied, the point (5, 1) is not a solution to the
system. [ |



