In Exercises 81-83, solve each problem.

81. Recovering an investment. The manager at Cream of

82.

83.

the Crop bought a load of watermelons for $200. She
priced the melons so that she would make $1.50 profit
on each melon. When all but 30 had been sold, the man-
ager had recovered her initial investment. How many
did she buy originally?

Sharing cost. The members of a flying club plan to
share equally the cost of a $200,000 airplane. The mem-
bers want to find five more people to join the club so that
the cost per person will decrease by $2000. How many
members are currently in the club?

Kitchen countertop. A 30 in. by 40 in. countertop for a
work island is to be covered with green ceramic tiles,
except for a border of uniform width as shown in the fig-
ure. If the area covered by the green tiles is 704 square
inches (in.?), then how wide is the border?

30 in.

FIGURE FOR EXERCISE 83
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sum of the solutions to any quadratic equation is —g.
(Hint: Use the quadratic formula.)

Discussion. Use the result of Exercise 84 to check
whether %, %} is the solution set to 9x> — 3x — 2 = 0. If
this solution set is not correct, then what is the correct
solution set?

Discussion. What is the product of the two solutions to
6x*> + 5x — 4 = 0? Explain why the product of the solu-
tions to any quadratic equation is ;

Discussion. Use the result of the previous exercise to

check whether {g —2} is the solution set to 2x> —
13x + 18 = 0. If this solution set is not correct, then
what is the correct solution set?

Cooperative learning. Work in a group to write a qua-
dratic equation that has each given pair of solutions.

a) —4and5 b)) 2-V3and2 + V3

¢) 5+2iand5 — 2i

GRAPHING CALCULATOR
EXERCISES

Determine the number of real solutions to each equation by
examining the calculator graph of the corresponding func-
tion. Use the discriminant to check your conclusions.

89.
90.
91.
92.
93.
9.

Quadpratic Function

X =633 +37=0
1.8x%* + 2.4x — 895 =0
43> — 67.1x + 344 = 0
—2x>— 403 =0
—x>+30x —226=0
16x> — 648x + 6562 = 0

QUADRATIC FUNCTIONS
AND THEIR GRAPHS

We have seen quadratic functions on several occasions in this text, but we have not
yet defined the term. In this section we study quadratic functions and their graphs.

If y is determined from x by a formula involving a quadratic polynomial, then we
say that y is a quadratic function of x.

A quadratic function is a function of the form

y

=ax*>+ bx + c,

where a, b, and c are real numbers and a # 0.
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Solution

calculator Make a table of values for x and y:

TOTAL PART %TOTAL -

) ey e x =2 -1 0o 1 2

— 2
close-up y=x 4 1 0 1 4

See Fig. 10.2 for the graph. The domain is the set of all real numbers, (—, ®),
because we can use any real number for x. From the graph we see that the smallest

This close-up view of y = x*
shows how rounded the . .. .
curve is at the bottom. When y-coordinate of the function is 0. So the range is the set of real numbers that are

drawing a parabola by hand, greater than or equal to 0, [0, ©).

be sure to draw it smoothly.

. y
Ti=Hz o \ 8 }‘
N \':xz
i 2 v \ e /.
- o
%o 4
[ 2
W= =i | \ /
-1 -4 -3-2-1 1 2 3 4 x
-2
FIGURE 10.2 |

The parabola in Fig. 10.2 is said to open upward. In the next example we see a
parabola that opens downward. If @ > 0 in the equation y = ax® + bx + c, then
the parabola opens upward. If a < 0, then the parabola opens downward.

EXAMPLE 3 A quadratic function

y Graph the function y = 4 — x%, and state the domain and range.
5 Solution
T AN\ 4-x° We plot enough points to get the correct shape of the graph:
<t 2 _ _
v / | \ X 2 1 0 1 2
gn =N ER R y=4—-x 0 3 4 3 0
M p—
[ ) \ See Fig. 10.3 for the graph. The domain is the set of all real numbers, (—2, ). From
' \ the graph we see that the largest y-coordinate is 4. So the range is (—, 4]. |

FIGURE 10.3

The Vertex and Intercepts

The lowest point on a parabola that opens upward or the highest point on a parabola
that opens downward is called the vertex. The y-coordinate of the vertex is the min-
imum value of the function if the parabola opens upward, and it is the maximum
value of the function if the parabola opens downward. For y = x? the vertex is (0, 0),
and 0 is the minimum value of the function. For g(x) = 4 — x? the vertex is (0, 4),
and 4 is the maximum value of the function.

Because the vertex is either the highest or lowest point on a parabola, it is an
important point to find before drawing the graph. The vertex can be found by using
the following fact.
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\hel pful /hint Vertex of a Parabola
g — .2 .. —b g
To draw a parabola or any The x-coordinate of the vertex of y = ax” + bx + ¢ is B provided
curve by hand, use your hand thata # 0.

like a compass.The two halves
of a parabola should be drawn
in two steps. Position your

paper so that your hand is ap- — b+ VP = dac
x = .

proximately at the “center” of >
a

the arc you are trying to draw.
When you graph a parabola, you should always locate the vertex because it is
the point at which the graph “turns around.” With the vertex and several nearby
points you can see the correct shape of the parabola.

You can remember ;—: by observing that it is part of the quadratic formula

EXAMPLE 4 Using the vertex in graphing a quadratic function

2

Graphy = —x” — x + 2, and state the domain and range.

Solution

First find the x-coordinate of the vertex:

_—b_—C=b_1 _ 1
2a 2(—1) -2 2
Now find y for x = —%z
2
2 2 4 2 4
The vertex is (—%, %). Now find a few points on either side of the vertex:
X =2 -1 ! 0 1
2
- .2 9
y=—x"—x+2 0 2 1 2 0

Sketch a parabola through these points as in Fig. 10.4. The domain is (—, o).
Because the graph goes no higher than %, the range is (—00, %]

o

Range: y

E—

(N

N =
//

FIGURE 10.4 [ |

The y-intercept of a parabola is the point that has 0 as the first coordinate. The
x-intercepts are the points that have 0 as their second coordinates.
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EXAMPLE 5 Using the intercepts in graphing a quadratic function
Find the vertex and intercepts, and sketch the graph of each function.
a) y=x>—2x—8 b) s = — 1612 + 64¢

Solution

a) Usex = %: to get x = 1 as the x-coordinate of the vertex. If x = 1, then
y=1-2-1-38
= —0.
So the vertex is (1, —9). If x = 0, then
y=0"-2-0-38
= —8.
The y-intercept is (0, —8). To find the x-intercepts, replace y by 0:
¥ —2x—8=0
x—dHx+2)=0
x—4=0 or x+2=0
x=4 or x= -2

The x-intercepts are (—2, 0) and (4, 0). The graph is shown in Fig. 10.5.

{
4 y=x2-2x-8 /

",
[*)}

=101(1,-9)

FIGURE 10.5

. . . . —b
b) Because s is expressed as a function of 7, the first coordinate is 7. Use t = - to
get
—64
t= = 2.
2(—16)
If t = 2, then

s=—16-22+ 64 -2
= 64.

So the vertex is (2, 64). If t = 0, then

s=-16-0"+ 640
= 0.
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So the s-intercept is (0, 0). To find the #-intercepts, replace s by 0:

—16t* + 64t = 0

—16t(t —4) =0
—16r =0 or t—4=0
t=20 or t=4

The t-intercepts are (0, 0) and (4, 0). The graph is shown in Fig. 10.6.

2,64
c0 N )

20

o f o\
[
/
[

—

\

You can find the vertex of a parabola witha  y-coordinate on the graph.Press CALC and  tex by moving the cursor to the point and

calculator by using either the maximum or ~ choose minimum. pressing ENTER. For the right bound
minimum feature. First graph the parabola 3 choose a point to the right of the vertex.
as shown. tualue For the guess choose a point close to the
4 21 TEro vertex.
sz JI' rifdFsm
fMaxLmum 4
2t intersect lll ,I'I
-10 10 | SER PR
R s B
=i =g -10 10
-12 The calculator will ask for a left bound, a i A
Because this parabola opens upward, the  right bound, and a guess. For the left i Y=-8
y-coordinate of the vertex is the minimum  bound choose a point to the left of the ver- -12
Applications

In applications we are often interested in finding the maximum or minimum value
of a variable. If the graph of a quadratic function opens downward, then the maxi-
mum value of the second coordinate is the second coordinate of the vertex. If the
parabola opens upward, then the minimum value of the second coordinate is the
second coordinate of the vertex.

EXAMPLE 6 Finding the maximum height

If a projectile is launched with an initial velocity of v, feet per second from an initial
height of s, feet, then its height s(¢) in feet is determined by the quadratic function
s(t) = =161 + vyt + s, where 7 is the time in seconds. If a ball is tossed upward


















