Appendix I

GEOMETRY AND TRIGONOMETRY

In your previous mathematical training, you probably had separate courses in geometry and trigo-
nometry. Here we describe them together because they both deal with the analysis of shape.

The analysis of shape is critical to engineering. For example, the value of a well-engineered auto-
mobile is determined largely by its shape, not the raw materials of which it is composed. In fact, the metal,
plastic, and paint are worth only a few hundred dollars, which is but a small fraction of the multithousand
dollar selling price. If the engineers have properly shaped the doors, they close nicely and do not leak in a
rain storm. If the builders have properly shaped the engine, it will be efficient, powerful, quiet, and vibra-
tion free. If they properly shaped the body, it will have a low drag coefficient so it will slice through the air
with minimal friction allowing the automobile to be faster and more fuel efficient.

All engineering disciplines require the proper specification of shape. Civil engineers specify the
shape of buildings and the beams that support them. Chemical engineers specify the shape of reactors and
distillation columns. Industrial engineers specify the shape and layout of factory floors. Electrical engi-
neers specify the shape and layout of computer chip circuits. Mechanical engineers specify the shape of
gears and shafts. Shape is what defines the functionality and aesthetics of engineered products.

We will start our discussion of shape with some very simple ideas.

1.1 Angles

A ray is a line segment emanating from a point called the vertex (see Figure I.1).

Ray
*\ Figure 1.1 Ray.
Vertex

Two rays emanating from a common point form an angle (see Figure 1.2).
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Figure 1.2 Angle.

An angle is measured by placing the vertex at the center of a circle (see Figure 1.3).

90

180 ‘ﬁ 0, 360

Figure 1.3 Circle divided into 360°.
270

The circumference of the circle is divided into 360 segments, or degrees (°). The degree is further divided
in 60 minutes (') and minutes are divided into 60 seconds (). The angle 43°52'12" is converted to a deci-
mal angle as follows:

52, 12 _ 0
43+60+———-3600 43.87
An acute angle is between 0° and 90°, a right angle is 90°, and an obtuse angle is between 90° and

180° (see Figure 1.4).
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Figure 1.4 Types of angles.

The degree is actually an arbitrary angle measurement. The reason there are 360° in a circle is that an inte-
ger results when it is divided by 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, etc. Although the degree is used to measure
an angle in everyday life, it is not a basic unit. The basic unit of an angle is the radian.
A radian is the ratio of the circumference swept by the angle divided by the radius:
_ swept circumference length

Radian = I-1
adian radius (I-1)

Because both the numerator and denominator have dimensions of length, the radian is actually a dimension-
less number (i.e., a pure number). This equation can be manipulated to give the swept circumference

length:
Swept circumference length = (radian)(radius) (I-2)
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Therefore, a radian can be visualized as the pure number by which the radius is multiplied to measure the
swept circumference. This can be better understood by studying Figure L.5.

2r 1r

3r
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6r
h Figure 1.5 Circle divided into 2r radians.
r
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Table I.1 shows some radian measurements and their corresponding degree measurements.

Table 1.1 Corresponding angles measured in
degrees and radians
Degree  [Radian Degree [Radian
45 1 225 3
4" 4"
90 1 270 3
2" 2"
135 3 315 7
4" 4"
180 T 360 2n

The following example shows how to convert an arbitrary degree angle into a radian angle:

D 17 51 _ 0

36°17° 51 —36+60+3600 36.2975
36.2975° _ 0 _ o _ 36.2975° _ .
1800 =r=0= 1300 © 0.6335 radians

Some theorems on angles follow:

® Lines are parallel if their slopes are identical

® Angles on opposite sides of crossed lines are equal

01 6 © 8 =02
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® Exterior angles of a line that crosses two parallel lines are equal

/ 01= 02

® Interior angles of a line that crosses two parallel lines are equal

/

692 01 =062

/

® The two angles formed by dividing a right angle add to 90° (w/2 radians)

01+0,=90°=7/2 radians

02

1.2 Triangles
A rriangle is a figure formed by connecting three noncollinear points by three line segments.
L.2.1 Types of Triangles

All the angles are less than 90° in acute triangles, right triangles have one angle equal to 90°, and
obtuse triangles have one angle greater than 90°. An equilateral triangle has all three sides equal whereas
an isosceles triangle has two sides that are equal. These triangles are illustrated in Figure L6,

NN

Acute Right Obtuse
9 <900 e=9()0 e >900
Equilateral Isosceles

Figure 1.6 Types of triangles.
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Congruent triangles are identical when superimposed,

ANVASFAN

whereas similar triangles have the same interior angles, but do not superimpose.

VAR

The three interior angles in a triangle must sum to 180°.

1.2.2 Right Triangles

Table 1.2 shows some mathematical relationships for right triangles. Note that line segments are
indicated with lower case letters and angles are indicated with uppercase letters. An inscribed circle is the
largest circle that fits inside the triangle. A circumscribed circle is the smallest circle that completely con-
tains the triangle.

Table 1.2 Relationships for right triangles (reference)

A+B=C=90°
c? =a?+b* (Pythagorean theorem)
Area = 1ab = 3ch

_ab _b? _q?
h = c M= n=7¢
Radius inscribed circle = (H_L

Radius circumscribed circle = %c

1.2.3 Trigonometry

Trigonometry is the study of the relationships between angles and the length of sides in triangles.
The following trigonometric functions are defined for right triangles (see Table 1.2) and by Figure 1.7
which allows for angles greater than 90°, (Note: The four quadrants in Figure 1.7 are identified as I, II, III,
and 1V.)

SinA == = ——— == (sine) CSCA = = = —————— == (cosecant) (I-3)

COSA=Z=————"—=% (cosine) seCA = - = —— = — (secant) I-4)

tanA = = = ———— = = (tangent) COtA = - = ——— = (cotangent) (I-5)

The functions in the right column are the inverse of the functions on the left.
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I I

X Figure 1.7 Definition of trigonometric functions for
angles greater than 90°,

I v

The trigonometric functions are transcendental functions, much like In x and ¢*. Recall that the
definition of a transcendental function is that it cannot be described by simple algebraic relationships of the
argument and constants. Although the trigonometric functions seem to be defined using simple algebraic
relationships, the definition does not include the argument (i.e., the angle), so they are transcendental func-
tions. The only way to calculate these transcendental functions is through a series, such as the power series
shown below:

no=3 CDO™ L 00 6 67

s1n9—g;, it D) =0 TR T (oo < 0 < ) (I-6)
I G VO N A -

cosf)__FE0 on! =1 TR (—o0 < 0 < ) I-7)

For these equations to be valid, the argument, 8, must be in radians. From these two power series, all the
other trigonometric functions can be calculated. For example, tan 0 is
_ sinB :
tan6 = Py {1-8)
and the other functions, csc 0, sec 8, and cot 0, are the inverse of sin 0, cos 0, and tan 0, respectively. Fig-
ure 1.8 shows graphs of these trigonometric functions.

The trigonometric functions described thus far operate on angles and produce the ratio of two
sides. The antioperators below produce an angle when given the ratio of two sides.

arcsin% = arcsin% = A (arcsine) arccsc % =arccsc§ = A (arccosecant) (I1-9)
arccos% = arccos % = A (arccosine) arcseci =arcsec§ = A (arcsecant) (I-10)

Y

Y_ b X_
X

A (arctangent) arccot= =arccot

d 3 A (arccotangent) dI-11)

arctan% = arctan

An alternative mathematical notation that is sometimes used for these antioperators is sin™ for arc-
sine, cos™ for arccosine, etc. This notation does not mean take the inverse of the function. For example,

sin™'9 # (sin9)™! I1-12)
Figure 1.9 shows plots of these antioperators.
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Mathematics' Most Famous Formula

As shown by Isaac Newton (1642 — 1727), the power series for &” is

s X X X 2 x

TR TR TR TR TR

where x is a real number. Leonhard Euler (1707 — 1783), in a playful move, decided to substitute an
imaginary number for x

2 Ny 3 .y 4 ]

o _ 1,10 09" (0) (9 @6

e T TR TR TR
where i is the square root of negative one. Noting that i = -1, this becomes

+ ..

ST TR TR TR
By rearranging the terms of this infinite series (which requires caution because it potentially leads to er-

rors), it becomes
; 0% 64 (0 6%, 6°
9 _ ——_ L. —_— e e —— e .
¢ _(1 Tt )“(1! 315 )

The first bracketed term is the power series for cosine and the second bracketed term is the power series
for sine:

e® =cos0+isind

Thus, Euler established a link between exponents and trigonometry. The following figure provides a
graphical interpretation of this equation

1 | Imaginary axis

sin 9{
e .

B ;B’S_é | Real axis
-1
For 6 =,
e™=cosm+isinzm
e =-1+i0
e™ =1

This single equation incorporates some of the most important mathematical concepts: exponents, negative
numbers, imaginary numbers, and geometry.

Eli Maor, e, The Story of a Number, Princeton University Press, Princeton, 1995.
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Figure 1.8 The trigonometric functions.
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Figure 1.9 The trigonometric antioperators.
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From the definitions of the trigonometric functions, there are many identities that can be derived
(see Table L.3). In some cases, trigonometric functions with exponents are presented. Provided the expo-
nent is not -1, it is interpreted as you would expect. For example,

sin’0 = (sin 0)> (I-13)

Table 1.3 Trigonometric identities (reference)

*ltanA = % sin’4 +cos2A =1
tanA  sinA

*|secA = cols " csc’A—cot’A =1

*lescA = Sl—nZ

*[sin(—A) = —sinA *|sec(—A) = secA

*|csc(—A) =—CsCA *|tan(—A) = —tanA

*cos(—A) = cos A *[cot(—A) = —cotA

*!sin2A = 2sinA cos A tanM:—;w—
1 -tan®A

c0s 24 = cos?A —sinA = 1 —2sin’A = 2cos?A - 1

_ . |l1=cosA +ifA/2isin quadrantIor II
'"d 2 —if A/2 is in quadrant IIT or IV

_4 [1tcosA + if A/2 is in quadrant I or IV

- “\/ 2 — if A/2 is in quadrant II or I

A
2
A
2
tan A_ 1—cosA +if A/2isin quadrantI or III
2 ‘J 1+cosA —if A/2 is in quadrant IT or IV
A
2

* sinA A _1-cosd
=04 4274 oA —cotd
tan T+ cosA tan ) Sin A CSC cot
sin3A =3sinA - 4sin’A ran 44 — _4tanA —4an’A
1-6tan?A +tan*A
*|cos 3A =4 cos®A —3cosA sin5A = 5sinA —20sin’A + 16 sin’ A
_3tanA —tan’A tanSA = tan’A —10tan®A + StanA

tan3A = 1-3tan2A 1-10tan®A +5tan*A

sindA = 4sinA cos A — 8 sin’A cos A cos5A = 16cos’A —20cos’A+5cos A
*|cos4A =8 cos*A — 8 cos?A+ 1
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