Appendix L

CALCULUS

Calculus is sometimes called "the calculus,” We don't say "the geometry,” "the algebra," or "the
trigonometry,” so calculus seems to be elevated above the other branches of mathematics. What makes cal-
culus so special?

Calculus is special because it is so powerful. In science and engineering, it is perhaps the most im-
portant branch of mathematics because so many of our physical laws can be expressed only in the language
of calculus.

One problem with calculus is that students are intimidated by it. They hear about friends who may
have made good engineers but could not pass calculus and had to change majors. We will not tell you that
calculus is casy because it is a challenging subject. However, the difficulty with calculus is in the details,
not the central ideas, for these are rather easily understood. Itis our intent to highlight the central ideas and
leave the details to your calculus course.

L.1 Limits

One of the central ideas of calculus is that of limits. A limit can be easily understood by consider-
ing the following example. Suppose you stand facing a wall and someone tells you to walk toward the
wall, but cover only half the distance. While standing at your new position, he again asks you to walk to-
ward the wall, but only cover half the distance.
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This request is repeated over and over. Although he never told you to actually walk into the wall, for all
practical purposes, you have. Therefore, the limir in this case is the wall.
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L.2 The Small Numbers of Calculus

Calculus is the branch of mathematics that deals with exceedingly small numbers. For example,
imagine we play a little game. We think of the smallest number we can, and you try to beat us by thinking
of a smaller number. We open by saying "x = 0.00000000000001 is a very small number." You say
"that's nothing, what about x = 0.00000000000000000000000001?" We say "Oh yeah, try to beat this

x = 0.0000000000000000000000000000000000000000000000000000000000000000000000001"

We could play this game forever and keep finding smaller and smaller numbers. Provided we never quite
reach the limit of zero, we have identified the small numbers that are the subject of calculus. The way cal-
culus denotes this very small x that approaches zero, but isn't quite zero, is with differential x, or dx. Simi-
larly, a very small y that approaches zero, but isn't quite zero, is differential y, or dy. Mathematically,
these ideas would be expressed as follows

dx=limx dy=limy

x—0 y—0

Because it is impossible to write down this number that approaches zero, but isn't quite zero, it has
an aura of mystery. Although you should treat this very small number with proper respect, it still is just a
number. If fact, it can even have dimensions or units attached to it, just like an ordinary number,

Let's go back to our game. After playing it for 2 years, we finally realize the futility of trying to
think of the smallest number in the universe. We decide to have a truce and agree that 10 zeros is sufficient
to describe this very small number. (We realize that we would actually need an infinite number of zeros to
write this number, but this would take an infinite number of pages, which would require an infinite number
of trees, which would cause an infinite number of environmentalists to be upset with us.) With this ground
rule, we can do mathematical operations on our little numbers. For example, the equation

dy=3-dx L-1)
has meaning. If we let dx be 0.00000000001, then dy can be calculated
dy = 3(0.00000000001) = 0.00000000003 (L-2)

Similarly, we can divide our little numbers

dy _ 0.00000000003 =3
dx ~ 0.00000000001

Now suppose we renegotiate our truce and say that 15 zeros are required to represent our small
numbers, but we still agree that dy is 3 times larger than dx. Then we can still divide our small numbers
and get the same answer.

(L-3)

dy _ 0.0000000000000003 =3
dx ~ 0.0000000000000001

We are allowed to add (subtract) ratios of small numbers. For example, if we agree that the small
number dz is 5 times larger than dx, and dy is three times larger than dx, then we can write the equation

dz  dy
=42, 2 L-
a4 dx+dx @5

and still get the same answer regardless of the number of zeros we use to represent our small numbers

— 0.00000000005 , 0.00000000003
0.00000000001 ~ 0.00000000001
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=5+3=8 (10-zero scale) (L-6)



g = 2:0000000000000005 __0.0000000000000003
0.0000000000000001 ~ 0.0000000000000001

We can multiply both sides of Equation L-5 by dx and get

=5+3=8 (15-zero scale) @L-7)

adx=dz+dy L-8)

This equation also gives consistent results at the 10-zero and 15-zero scales:
8(0.00000000001) = 0.00000000005 + 0.00000000003 (L-9)
8(0.00000000000000001) = 0.0000000000000005 + 0.0000000000000003 (L-10)

Now consider the following equation
a=dz+dy (L-11)
If we evaluate this equation at both scales

a = 0.00000000005 + 0.00000000003 = 0.00000000008 (L-12)
a = 0.000000000000005 + 0.0000000000000003 = 0.0000000000000008 (L-13)

we do not get consistent results. Therefore, this type of equation, which gets inconsistent results at the
10-zero and 15-zero scales, must be avoided.

In summary, we have seen that we can treat our small numbers like ordinary numbers, provided we
exercise some care.

L.3 Branches of Calculus

Calculus is divided into two main branches. Differential calculus emphasizes the operations of
subtraction and division whereas integral calculus emphasizes addition and multiplication. Differential cal-
culus applies the mathematical operation of differentiation and integral calculus applies the operation of
integration. As you will see, these operations are the antioperations of each other, just as addition is the
antioperation of subtraction and subtraction is the antioperation of addition.

L.4 Differential Calculus

Differential calculus is based on the concept of slope. For linear equations, we understand slope to
be "rise over run." As shown in Figure L.1, the slope of the linear equation

y=2x+1 (L-14)

is 2 and is everywhere the same.

Figure L.1 The equation y = 2x +1.
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The slope is easy to determine for a linear equation, but what of nonlinear equations such as
y =x? (L-15)

Figure L.2 is a plot of this function. It shows that as a region of the curve is sufficiently enlarged, the
curve approximates a straight line, so the rise-over-run meaning of slope is retained. It must be pointed
out, however, that the slope is not everywhere the same as with linear equations. The slope depends on
where you measure it. An alternative method for finding the slope of a curve is shown in Figure L.3. A
straight line is drawn tangent to the curve. The slope of the straight line is also the slope of the curve at the
point of tangency.

Figure L.4 shows the function evaluated at two points, P and Q. P is kept fixed at (1,1) and Q va-
ries. The slope m of the line connecting the two points is calculated as

_AY Ya-n

n = =
Ax  X2—X;

(L-16)

Table L.1 shows that as Q becomes closer to P (i.e., as Ax becomes smaller), the slope approaches a con-
stant value of 2. In fact, as Ax becomes infinitesimally small (i.e., Ax becomes dx), the slope becomes ex-
actly 2. In mathematical terms, this is stated as
limm=2 L-17)
Ax—0
which says that in the limit, as Ax becomes zero, the slope becomes 2.
So far, we have determined the slope at a particular point. What if we wished to generalize the
analysis? The slope is still defined the same way:

m=2Y _ Y=

ik (L-18)
We can now substitute the equation y = x> and do some algebraic simplifications:

2 2 2 2 2 2

_xl"xl _X2—:xl _(x1+Ax) —xl
m==x =" A - Ax (@L-19)

Ol 20 A+ A — 3] AX(2x +AX)

m= ~ = Ax (L-20)
m=2x; +Ax (L-21)

Notice that this final equation agrees with the numerical results presented in Table L.1. If we were to take
the limit as Ax goes to zero, then the Ax becomes a dx:

Ay dy
l}glom_ggloAx_dx_Qx+dx 1.-22)

Because the dx is negligible compared to 2x, then this equation simplifies to

dy _

dx
In words, this equation says "the first derivative of y = x* with respect to x is 2x." Other notations that are
commonly encountered are

(L-23)
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Figure L.2 Enlarged views of the function y = %,
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y=x’
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y Tangent to the Curve
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______ —Slope =2
0.0 : —t : e t :
-6.0 40 20 0.0 2.0 4.0 6.0
X
Figure L.3 Tangent to the function y = x*.
Table L.1 Slope as Ax gets smaller
P Q
Ax | x|y X, |y2=%° _ &y
1] 21 2 slope= Ax
21 11 1 3 9 4
=V, 4+ A y]
1] 1] 1 2 4 3|
05 11 1 1.5 2.25 2.5
01 11 1 1.1 1.21 2.1 y
-
001 1| 1 1.01 1.0201 2.01
0.001{ 1! 1] 1.001 1.002 2.001
0.0001| 1| 1] 1.0001] 1.0002000 2.0001
/ 1
U Lid U Figure L.4 The equation y = x°.
dx 1l 1 2.00000
_d.(y) =2x y’ =2x y =2x (L'24)
dx

The first notation emphasizes the idea that differentiation operates on the original function y = x* to pro-
duce the new function 2x. The ¥’ and y notation are short-hand methods for indicating the first derivative.
The dimensions or units of the first derivative would be the same as those of y/x. For example, if y

has units of meters and x has units of seconds, then

dy

— has units of meters per second (m/s). The short-

hand notation does not properly account for the dimensions or units associated with the variables y and x,
whereas the other two notations do.
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The second derivative repeats the derivative operation on our new function 2x. This can be easily
done by defining our new function as z

—_ = -
z== 2x (L-25)
The derivative of z is
d,\_ i Az (ZZ‘Z])_ . (2x2—2x1)_ , (2(x1+A.x)+2x1
dx(z)_AliEloAx_gglo noa ) " A\ w7 A Ax
- fim (2 2A%—2x, ) (ZAx)_ dx _
- i () - i () -2 = -2

The derivative is 2, just as we would expect because z is a linear equation.
The notations for the second derivative that operates on our original equation y = x?are
d(dy

_(—) =7 @_—_2 y'=2 y=2 €L-27)
dx\ dx dx?

The first notation shows the derivative operator % operating on the function %. The second notation is as

though we multiplied the symbols of the first notation [the denominator is best visualized as (dx)?]. The
last two notations are shorthand; every time the derivative operation is repeated, another prime or dot is
added.

The dimensions or units of the second derivative are the same as y/x*. For example, if y had units

2
of meters and x had units of seconds, then gx—); has units of meters per second squared (m/s®). The two
shorthand notations do not properly account for the dimensions or units associated with y and x, whereas

the other two do.
The following equations summarize what we have done:

y=x (Original function) (L-28)
% =2x (First derivative) (L-29)
d*y

<= (Second derivative) (L-30)

L.4.1 Derivatives of Arbitrary Functions

So far, we have taken the derivative of a specific equation. Now, let's generalize to an arbitrary
function f(x):

y=1x) (L-31)
dy .. Ay . flxt+Ax)—flx)  fx+dx)—fx)
PR i S L-32)

L.4.2 Derivatives of Power Equation
The definition of the derivative may be applied to the power equation

y=ax” (L-33)

90



which is a generalization of the function y = x? that we have already studied. This function may be evalu-
ated at x and (x + dx) according to Equation L-32

dy _a(x+dx)" —ax

dx dx @L-39)
By applying the binomial formula (see Appendix J), the first term in the numerator can be expanded
al x" +nx"dx+ nn=1) 1)x”'z(dx)z + - -+ (d0)" | -ax”
D 2! (L-35)
dx dx ]
Multiplying the terms by a gives
dy ax" +anx"dx+ _an(rzz'— 1)x"‘z(abc)z + - - +a(dx)" —-ax"
The first and last terms in the numerator cancel leaving
dy _ anx'dy , an(n —1)x"? (dx)? a(dx)"
—_ = + e — -
dx dx 2! dx * dx @©-37
d —~1)x"2
D gt SO s a(dm - (L-38)
dx 2!

The terms that contain dx (an infinitesimally small number) are negligible compared to the first term, so
this simplifies to

dy . —1
i anx’ L-39)

See for yourself that this equation is consistent with the equation y = x? that we first studied.
L.4.3 Derivative of Exponential Equations
The derivative of the exponential equation
y=b* (L-40)

proceeds in a similar manner. This function may be evaluated at x and (x + dx) according to Equation
L-32.

x+dx x x1,dx x dx
L pry=b2b” BT b =(b _1)b"=kbx (L-41)

dx dx dx dx
Here we have a very interesting result. When we take the derivative of &%, we get the same function back

times a constant. The problem is that the term in the brackets is very hard to evaluate. We know that dx is
a very small number, so we can write it as

po-1_(=D=1_-0_
~0 ~0 ~0

We are taking the ratio of two small numbers which makes it difficult to calculate. However, by applying
some logic, we can evaluate it. We know that if the base b were 1, the value of k would be exactly zero.

k (L-42)

—l=1=1=" 0 (L-43)

If b were a very large number (like «), then k£ would be a very large number (like )
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(°°)-0_1 _°°—1 N

~0 ~ ~0 ~0

Therefore, we know that k has a range from 0 to . There must exist a base such that k = 1; let's call it

base e. (Although you already know the numerical value for this base is the Euler number, pretend that

you don't so we can have the satisfaction of showing you where e came from.) Therefore, if we take the de-
rivative of e*, we get " back!

=oo (L-44)

d X X

—(e") = -
e =e (L-45)
The sidebar "Euler's Formula for " shows a method to obtain the numerical value for e by using Euler's
formula. Later, we will show you how to obtain a numerical value for e by using a power series.
(Hopetully, you are getting the idea that power series are pretty important because they arise again and
again.)

L.4.4 Derivative of Trigonometric Functions (Advanced Topic)

We can also take the derivative of trigonometric functions, such as sin 6. Figure L.5 shows two
right triangles inscribed in a circle; one has an angle 9 and the other has an angle (6 + d0). A small triangle
is also formed by these two larger triangles. This small triangle has two sides of dx and dy, and a hypote-
nuse of rd0. The hypotenuse is actually an arc from the large circle, but at this small scale, the arc is es-
sentially a straight line. The length of the arc is r d6, provided the angle is measured in radians (recall that
aradian is the pure number by which the radius is multiplied to obtain the swept circumference).

From the definition of sine, we can write the following two expressions

sing =2 (L-46)
sin(@ -+ o) = L2L (L47)

for the two large right triangles. The derivative of sine can be obtained from Equation L-32

d . _ sin(6 +40) —sin®
40 (sin®) = 7 (L-48)
ytdy y
_ 1 _“r_y+rdy-y dy (L49)
do rdo rd0
By looking at the small triangle, we see that f‘% is the definition of cos 6.
A (6in o) = i
de(sme) =cos 0 L-50)

We can perform a similar analysis to find the derivative of cos 8. From the definition of cosine, we
can write the following two equations that apply to the two large right triangles in Figure 1.5,

cos 0 =2 (L-51)

cos(0 +do) = X4 (L-52)
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Euler's Formula for e

In Equation L-41, we defined % as follows

b* -1
k= 2——=
dx

Furthermore, we defined e as the base for which k£ =1
1=¢=1
dx
This can be rearranged as follows
dx=e* -1
1+dx=e®
e=(1+dx)V*
Recall that dx is defined as follows

dx=1limx
x—0

This allows us to calculate the numerical value of e

e=lim (1 +x)'*
x—0

e=Jim(1+3)

If we define n = 1/x, then we have an alternate method to calculate e

Even though it was discovered well before his birth, this formula for e is sometimes called "Euler's formu-
13" in honor of Swiss mathematician Leonhard Euler (1707 — 1783).
The following table shows the numerical value for e calculated by these two formulas:

x " e
1 1 2.0000000000
0.1 10 2.5937424601
0.01 100 27048138294
0.001 1,000 2.7169239322
0.0001 10,000 27181459268
0.00001 100,000 2.7182682371
U i
0.000000 oo 27182818284
From Equation L-32, we can find the derivative of cosine
d _ cos(6+4d8) —cos O
dG(COS 0)= 7 (L-53)
x—dx x I y
I 18 = X— —X - X _
T de rd® rd® €54
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