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Chapter 6
Mathematical Appendix
Since the BE-COMP diagram is introduced for the first time in this textbook, it is worth laying out its formal underpinnings. 
Assumptions

We work in partial equilibrium and a closed economy (below we integrate two such economies), assuming that firms in the market under consideration by Cournot have identical cost functions and produce identical goods. The market demand for the good is linear (as shown in the diagram), namely:

p=(a-Q)/b
where a and b are positive parameters which will be subject to regularity conditions that are necessary to ensure an interior equilibrium. The cost function of a typical firm is:

mx+F

where m and F are cost parameters (the constant marginal cost and the fixed cost, respectively), and x is the production of a typical firm. 

As usual, Cournot competition leads to an equilibrium price that is related to parameters and the number of active firms:

p=(a+nmb)/(1+n)b

where n is the number of firms and this is only valid for positive prices. 

The definition of the COMP curve is just this equilibrium price minus the marginal cost; after a bit of simplification the expression for the COMP curve can be written as:

μCOMP=(a-mb)/(1+n)b 

where μCOMP indicates the mark-up, i.e. μ, that is implied by Cournot competition (hence the name COMP). This established one expression relating n and μ. 

The other expression for n and μ concerns the profitability of firms. We define where μBE as the mark-up that would be needed for the n firms to break even. Specifically, we first define the aggregate level of sales as a function of μ, namely:

QBE = a-b(μ+m),  
and presume that this gets spread equally among all firms, so the per-firm sales as a function of μ is:

xBE = a-b(μ+m)/n
Using this, the pure profit per firm, as a function of μ, is:

Pure profit  = μ(a-b(μ+m)/n)-F
To find the BE-curve, i.e. the μ that would have to prevail if all n firms were to break even, we solve the zero pure profit condition for μ. Since the pure profit expression is quadratic in μ, there are two solutions; choosing the economically relevant one (the one that tells us the lowest μ that is consistent with all n firms breaking even), we have:
μBE=(1/2b)[a-mb-(a2-2amb+m2b2-4nbF)1/2]
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To find the equilibrium n and μ, we solve the COMP and BE curves. Unfortunately, the BE curve involves a radical so the solution is difficult; a practical way forward is to solve the BE curve for the n (instead of the μ) that meets the zero profit condition. This alternative depiction of the BE curve is the bell-shaped curve on its side as shown in the diagram. There are two intersections, but the economically relevant one is where the μ is the smallest. (Note that the BE curve turns around and starts rising again since once we get on the elastic portion of the linear demand curve, further rises in μ and thus in the price, lead to a reduction in total expenditure. This, in turn, means that fewer firms can break even.
As it turns out, there are three solutions using this approach, one of which involves a negative mark-up. The economically relevant solutions are:

μ= F1/2/b1/2 and n= (b*F)1/2[a-(bF)1/2-mb]/bF
Equilibrium price, consumption and firm size
Given the equilibrium n and μ, the rest is easy. The equilibrium price is just the marginal cost m plus the equilibrium mark-up, and the equilibrium average cost equals the price. The zero profit condition tells us this. The equilibrium firm size is given by the solution to the average cost pricing condition, namely p=(mx+F)/x. This is:
x = (bF)1/2.

Concluding remarks
In the end, the BE-COMP diagram is nothing more than a graphical way of solving the standard linear-demand Cournot oligopoly problem with free entry. The way in which it is solved, however, tends to generate much more intuition – especially for undergraduates.

A very serious limitation of the graph, however, is that it cannot handle asymmetric firms – an issue that always arises if one considers intermediate market openings, since domestic and foreign firms will have different market shares. 
Readers who are especially interested will be able to extract answers from Tony Venables’ article ‘Trade and trade policy with imperfect competition: the case of identical products and free entry’, Journal of International Economics, 19 (1985), 1-19. The main proviso that arises is that the effects are non-monotonic; that is, a small liberalisation may have a quantitatively different effect than a large liberalisation. Reassuringly, however, a move from a sufficiently closed situation to a sufficiently open situation yields results that are qualitatively identical to those from the BE-COMP diagram. 
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