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Technical Supplement 1
Linear Programming with Transportation 
in Operations Management
LEARNING OBJECTIVES
After studying this technical supplement, you should be able to:

1. Explain the importance of optimization to operations management

2. Demonstrate how to develop linear programming models

3. Show how linear programming models can be solved using EXCEL

4. Demonstrate 0-1, transportation, and assignment models
LINEAR PROGRAMMING MODELS IN OPERATIONS MANAGEMENT

Linear programming (LP) is one of the most powerful analytic tools available to improve operations management.  LP provides the optimal, or best possible, solution to problems that can be formulated by a linear function subject to a set of linear constraints.  This has proven extremely useful in many operations management applications, some of which are described in Table 1.
TABLE 1
Linear Programming

Models

	Type of Model
	Variables
	Function to Optimize
	Typical Constraints

	Product Mix
	Number of products to produce
	Maximize contribution to profit
	Resource limits, such as time, labor, material; Maximum or minimum quantities

	Blending
	Amount of materials to combine to produce one unit of product
	Minimize cost
	Resource limits; Demand requirements

	Production Line Scheduling
	Sequence of production
	Minimize cost
	Resource limits; Time requirements

	Inventory
	Number of inventory items to order by period
	Minimize cost (sum of production and inventory)
	On-hand minimums by time period; Inventory balance equations

	Transportation
	Assign sources for distribution of goods to demands
	Minimize cost
	Capacity limits at sources; Demand requirements

	Assignment
	Assign sources of resources to tasks
	Minimize cost
	Conventionally sources and demand capacities equal 1


Only certain types of decision problems can be appropriately modeled with linear programming.  This usually involves allocation of limited resources to alternative uses.  The biggest drawbacks to this very powerful technique are that the decision problem must be expressed in linear functions, and since the very best possible solution is sought, minor changes in assumed coefficient values can have a drastic impact upon the resulting solution.

DEMONSTRATION MODEL


To demonstrate linear programming, we will use a simplified problem involving identification of a company’s optimal product mix.  This small canning company specializes in gourmet canned foods.  They can five combinations of ham, lima beans, and jalapeno peppers.  Their five products are listed below.  Marketing’s estimated maximum daily demands are given in terms of cans (each of which contain 16 ounces by weight).  Marketing has also made commitments in the form of signed contracts to deliver.  The maximum demands include these signed contract commitments.

TABLE 2
Product Demand
	 
	MAXIMUM DEMAND      (16 oz. cans)   
	SIGNED CONTRACTS/DAY

	PRODUCT
	(includes signed contracts)
	(Minimum demands)

	Ham & Beans   
	10,000 cans/day           
	5,000 cans/day

	Jalapeno Ham & Beans
	4,000
	1,000

	Lima Beans 
	6,000
	1,000

	Jalapeno Lima Beans
	4,000
	2,000

	Jalapeno Peppers
	1,000
	0 (new product)


The production department obtains input materials and fills 16 ounce cans.  All quantities are in ounces, all costs and sales prices/can are in $.  There is a maximum production limit of 24,000 cans/day.  Canning costs are constant.  Requirements by can type are given below.  It costs the company five cents to process each can.  Current sales price is given in the last column.

TABLE 3
Product Requirements (in ounces)
	Product
	Ham
	Lima Beans
	Jalapenos
	Water
	Canning Cost
	Sales Price

	Ham & Beans      
	4
	9
	0
	3
	$0.05
	$2.31

	Jalapeno Ham & Beans
	3
	9
	1
	3
	0.05
	2.00

	Lima Beans        
	0
	14
	0
	2
	0.05
	0.85

	Jalapeno Lima Beans
	0
	12
	1
	3
	0.05
	0.90

	Jalapeno Peppers
	0
	0
	12
	4
	0.05
	1.35

	Cost of Materials
	0.40/oz
	0.05/oz
	0.10/oz
	free
	 
	 


The company has a contract with a ham supplier for daily delivery of up to 30,000 ounces of ham at $0.40 per ounce.  They also have a contract with a lima bean supplier for up to 100,000 ounces of lima beans per day at $0.05 per ounce.  They do not have to pay for materials they do not use.  They grow their own jalapenos, which cost $0.10 per ounce to pick (shown above).  There is more jalapeno supply than can be used.  There is also an unlimited supply of tangy bayou water.

COMPONENTS
TABLE 4

Canning Model Variables
Linear programming models consist of variables, an objective function in terms of these variables, and limits to functions, known as “constraints.”  
	Variable
	Minimum Cans/Day
	Maximum Cans/Day
	Sales
	Ham
	Beans
	Peppers
	Can
	Profit

	H&B
	Ham and Beans
	5,000
	10,000
	$2.31
	-4 x $0.4 
	-9 x 0.05
	 
	-0.05
	0.21

	JHB
	Jalapeno Ham & Beans
	1,000
	4,000
	2
	-3 x 0.4
	-9 x 0.05
	-1 x 0.1
	-0.05
	0.2

	LB
	Lima Beans
	1,000
	6,000
	0.85
	 
	-14 x 0.05
	 
	-0.05
	0.1

	JLB
	Jalapeno Lima Beans
	2,000
	4,000
	0.9
	 
	-12 x 0.05
	-1 x 0.1
	-0.05
	0.15

	JP
	Jalapeno Peppers
	0
	1,000
	1.35
	 
	 
	-12 x 0.1
	-0.05
	0.1


Variables

Quantities dealt with in

abstract terms for modeling,

with specific values

assigned in solutions.
Variables:  The decision variables here are the number of cans to produce daily (H&B, JHB, LB, JLB, and JP).  Variables, as the name implies, are allowed to take on different values.  Some LP models require specific variables to take on specified values, either integer, or 0-1. 

Function

Mathematical expression

measuring something in

terms of variables and their coefficients.
Functions:  Functions are mathematical statements measuring something in terms of the variables.  Profit is an example of a function.  Variables can be included in the model to represent function levels, such as the variables HAM, BEANS, and CANS in the demonstration model.  In order to measure a functional value, we must know the rate of contribution of each variable unit to the function.  In the case of profit, we need to know how much profit the company can expect from each can, by product.  The profit function was developed in Table 4, yielding 


Profit = 0.21 H&B + 0.20 JHB + 0.10 LB + 0.15 JLB + 0.10 JP

Constraints:  Functions can be limited to form constraints.   Constraints can be equalities (=), less than or equal relationships ((), or greater than or equal relationships ((). In our example, contracts have been signed to provide a minimum number of cans by product.  The linear programming model can be constrained to force those minimum levels to be met by the solution.  One constraint would be required for each variable with a minimum level of attainment.  The function in this case would simply be the limited variable. 
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The same can be done to limit the decision to stay at or below maximum demand levels.  



H&B

(
10,000



JHB

(
  4,000



LB

(
  6,000



JLB

(
  4,000



JP

(
  1,000

Resource limitations can be included, such as the amount of ham and lima beans available.  In this case, we can create new variables to measure key quantities.
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HAM 

= 4 H&B + 3 JHB



BEANS
= 9 H&B + 9 JHB + 14 LB + 12 JLB



CANS

= 1 H&B + 1 JHB + 1 LB + 1 JLB + 1 JP

We can also create a variable to measure other items of interest.



PEPPERS
= 1 JHB       + 1 JLB + 12 JP

A major benefit of linear programming is the ability to impose any limit on the model, as long as the limits include only linear functions.  

SOLUTION

Optimization

Methodology to obtain the

best possible solution.

Models in EXCEL can be optimized with SOLVER, which allows you to find optimal solutions to constrained optimization problems formulated as spreadsheet models. 

To use Solver, you should design your spreadsheet to include the following:

1. A cell for each decision variable,

2. A cell that calculates the objective function value,

3. Cells for each constraint function,

4. A cell for each function limit.

It is usually convenient to lay out your variables in rows or columns and provide descriptive labels either to the left of the columns or above the rows; this improves the readability and manageability of your models.    

In Solver, decision variables are called adjustable cells, or changing cells; and the objective function cell is called the target cell.  Solver identifies values of the changing cells that minimize or maximize the target cell value.  Solver is easier to use if you define a cell for each of the constraint functions in your model (that is, the left-hand-sides of the constraints).  For example, in the canning problem example, the following spreadsheet would model the problem.

	
	A
	B
	C
	D
	E
	F
	G

	1
	Product
	quantity
	Profit
	HAM
	BEANS
	min
	max

	2
	H&B
	
	0.21
	4
	9
	5,000
	10,000

	3
	JHB
	
	0.2
	3
	9
	1,000
	4,000

	4
	LB
	
	0.1
	
	14
	1,000
	6,000

	5
	JLB
	
	0.15
	
	12
	2,000
	4,000

	6
	JP
	
	0.1
	
	
	0
	1,000

	7
	CANS
	=SUM(B2:B6)
	=SUMPRODUCT($B$2:$B$6,C2:C6)
	=SUMPRODUCT($B$2:$B$6,D2:D6)
	=SUMPRODUCT($B$2:$B$6,E2:E6)
	
	

	8
	Limits
	24,000
	
	30,000
	100,000
	
	


The spreadsheet contains the listing of the decision variables in cells A2 through A6.  The variable cells themselves are B2 through B6.  The target cell is the profit function, cell C7.  The input data is found in columns C through G, rows 2 through 6.  Row 7 contains functions.  The variable CANS is simply the sum of the five decision variables (SUM(B2:B6)).  SUMPRODUCT is a useful EXCEL function that makes it easy to multiply one vector times another.  In this case, the vector of decision variable values (B2:B6) is multiplied by the coefficients in columns B (for cans), C (for profit), D (for ham) and E (for beans).  Constraint limits are found in row 8.
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The next step is to activate SOLVER.
We left the cursor on cell C7, the target cell.  By clicking on TOOLS, and SOLVER, the above window appears.  $C$7 will be in the target cell box because that is where we left the cursor.  If you want another cell, this can be changed.  The default is to maximize this function.  The function can be minimized by clicking on that radio button, or a specific target value can be sought with the third radio button.  We have filled in the next box, specifying which cells on the spreadsheet can be changed (the variables – cells B2:B6).  The next step is to add the constraints.  This is accomplished by clicking on the ADD button, once for each constraint.  We need constraints to limit ham, limit beans, limit cans, stay at or above minimums, and stay at or below maximums.  We also usually need to specify that each variable must not be negative, although the minimums by product take care of that here.
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Each of the decision variables is specified to be less than or equal to the maximum values found in cells G2:G6, to be greater than or equal to the minimum values found in cells F2:F6.  The three resource constraints are specified by the line giving D7:E7 as less than or equal to the limits in the block D8:E8, and cell B7 less than or equal to its limit in cell B8.
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Next we need to click on the Options block.

Two boxes should be checked.  Assume linear model should be checked if all of the functions are in fact linear.  This allows SOLVER to be more efficient, as well as avoiding errors.  If the functions were in fact nonlinear, SOLVER will solve the model, but using nonlinear optimization, which is more limited with respect to model size.  The solution to nonlinear models may involve some approximation.  The box to Use Automatic Scaling should be checked, especially if some coefficients in the model are much larger than others.  After checking these two boxes, we click on OK, and return to the prior window.  We then click on the SOLVE box.  If all goes well, we will get a window saying that SOLVER found an optimal solution.  The spreadsheet now looks as follows:

	
	A
	B
	C
	D
	E
	F
	G

	1
	Product
	quantity
	profit
	HAM
	BEANS
	min
	max

	2
	H&B
	5,888.8889
	0.21
	4
	9
	5,000
	10,000

	3
	JHB
	1,000
	0.2
	3
	9
	1,000
	4,000

	4
	LB
	1,000
	0.1
	
	14
	1,000
	6,000

	5
	JLB
	2,000
	0.15
	
	12
	2,000
	4,000

	6
	JP
	1,000
	0.1
	
	
	0
	1,000

	7
	CANS
	10,888.889
	1,936.6667
	26,555.55556
	100,000
	
	

	8
	limits
	24,000
	
	30,000
	100,000
	
	


The solution is to produce 5,888.9 cans of H&B, 1,000 cans of JHB, 1,000 cans of LB, 2,000 cans of JLB, and 1,000 cans of JP.  This will yield a daily profit of $1,936.67.  Note that the solution is not strictly feasible, because making 0.9 cans of H&B would not be useful.  However, rounding down will stay within required constraints, and yield the maximum profit of over $1,936.  Three products are at the specified minimums (JHB, LB, and JLB).  One product is at its maximum (JP).  All of the beans were used.  Only 26,555 ounces of ham were used, leaving a daily surplus of 3,445 ounces.  The number of cans required each day will be 10,888, 13,112 below its limit.

Binding

Constraint state where the

functional value for the

given solution is at the specified limit.
SOLVER provides three output sheets.  The first of these, the ANSWER sheet, provides details about each variable.  Much of this information is found on the solved spreadsheet, such as the final objective function value of $1,936.67, and the final values for each variable.  The original values in this case were all 0, as that was what the computer algorithm used as the starting point.  That is unimportant for our purposes.  

Slack

Amount of difference

between a constraint limit

and its functional value for a given solution.
Each constraint is reported, giving the cell location, its name, its final value, and its formula.  Information is also provided concerning the status of the constraint, in terms of binding or not binding.  Binding constraints are at their limits, with no slack (for ( constraints) or surplus (for ( constraints), and therefore have Slack of zero.  Those constraints that are Not Binding have reported quantities of Slack, reflecting the distance of the current solution from the stated limit.  For instance, the optimal solution has slightly over 3,444 ounces of ham left over from the original 30,000 ounces.  (Thus, the current solution used 26,556 ounces of ham.) 

In addition to the Answer Report, SOLVER makes available a Sensitivity Report sheet, and a Limits Report sheet.  We will discuss these in the section on sensitivity analysis.

	Target Cell (Max)
	
	
	
	

	
	Cell
	Name
	Original Value
	Final Value
	
	

	
	$C$7
	CANS profit
	0
	1,936.666667
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	Adjustable Cells
	
	
	
	

	
	Cell
	Name
	Original Value
	Final Value
	
	

	
	$B$2
	H&B quantity
	0
	5,888.888889
	
	

	
	$B$3
	JHB quantity
	0
	1,000
	
	

	
	$B$4
	LB quantity
	0
	1,000
	
	

	
	$B$5
	JLB quantity
	0
	2,000
	
	

	
	$B$6
	JP quantity
	0
	1,000
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	Constraints
	
	
	
	

	
	Cell
	Name
	Cell Value
	Formula
	Status
	Slack

	
	$D$7
	CANS HAM
	26,555.55556
	$D$7<=$D$8
	Not Binding
	3,444.444444

	
	$E$7
	CANS BEANS
	100,000
	$E$7<=$E$8
	Binding
	0

	
	$B$7
	CANS quantity
	10,888.88889
	$B$7<=$B$8
	Not Binding
	13,111.11111

	
	$B$2
	H&B quantity
	5,888.888889
	$B$2<=$G$2
	Not Binding
	4,111.111111

	
	$B$3
	JHB quantity
	1,000
	$B$3<=$G$3
	Not Binding
	3,000

	
	$B$4
	LB quantity
	1,000
	$B$4<=$G$4
	Not Binding
	5,000

	
	$B$5
	JLB quantity
	2,000
	$B$5<=$G$5
	Not Binding
	2,000

	
	$B$6
	JP quantity
	1,000
	$B$6<=$G$6
	Binding
	0

	
	$B$2
	H&B quantity
	5,888.888889
	$B$2>=$F$2
	Not Binding
	888.8888889

	
	$B$3
	JHB quantity
	1,000
	$B$3>=$F$3
	Binding
	0

	
	$B$4
	LB quantity
	1,000
	$B$4>=$F$4
	Binding
	0

	
	$B$5
	JLB quantity
	2,000
	$B$5>=$F$5
	Binding
	0

	
	$B$6
	JP quantity
	1,000
	$B$6>=$F$6
	Not Binding
	1,000


ASSUMPTIONS

Linearity

In linear programming, all

functions are assumed to

be linear (no variable

power other than the first

power; no products or ratios of variables).
A key element of linear programming models is the set of assumptions required.  These assumptions are linearity, continuity, and certainty.  

Linearity:  All functions must be linear.  Often, this is no problem.  However, functions are sometimes not truly linear, as is the case when there are economies of scale for example.

Continuity

In linear programming, the

optimal solution to the

basic model is liable to

contain fractional values

for variables, and the

optimal solution to a model

restricted to integer or 0–1

variables is not guaranteed

to be close to this continuous LP solution.
Continuity:  Linear programming solutions are generally obtained using a method that allows for fractional values of variables.  In the demonstration model, for instance, a solution of 5,888.9 cans of ham and beans was obtained.  A feasible solution can usually be obtained by rounding, to either 5,888 or 5,889 cans.  However, the best solution containing only integer decision variable values is not necessarily a solution with these values (in the example, it is).  This can especially be a problem for variables which have to be either zero or one (for instance, do a project or don't).  

There is absolutely no problem modeling those cases where integer or zero-one restrictions on the variables are required. EXCEL’s SOLVER takes care of all of this logic.  All that you have to do to obtain an integer solution is to constrain the selected variables to be INT (for integer), as demonstrated below.
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This yields the solution:

	 
	A
	B
	C
	D
	E
	F

	1
	Product
	quantity
	profit
	HAM
	BEANS
	min

	2
	H&B
	5,888
	0.21
	4
	9
	5,000

	3
	JHB
	1,000
	0.2
	3
	9
	1,000

	4
	LB
	1,000
	0.1
	 
	14
	1,000

	5
	JLB
	2,000
	0.15
	 
	12
	2,000

	6
	JP
	1,000
	0.1
	 
	 
	0

	7
	CANS
	10,888
	1,936.48
	26,552
	99,992
	 

	8
	limits
	24,000
	 
	30,000
	100,000
	 


Certainty

In linear programming, all

coefficients in the model

are assumed to be point

values, with no probability

distributions. 

Certainty:  The resulting LP solution will be optimal IF the coefficients used are correct.  If a coefficient varies just a bit, the resulting solution may still be useful.  But a high degree of variance in coefficients invalidates the optimality of a linear programming solution.
SENSITIVITY ANALYSIS
If you are not entirely certain about the true value of coefficients, then you can use sensitivity analysis to determine how much any one coefficient could change before model results would change.  There are some important limits to sensitivity analysis.  You can tell what will happen to the optimal solution if any model coefficient changes with the important restriction that all other model coefficients remain the same.  If more than one coefficient were to change, more thorough techniques, such as parametric programming, would need to be applied.  But that implies an enormous number of linear programming solutions, covering all expected coefficient value combinations.  The sensitivity analysis we will discuss assumes only one coefficient change at a time.  

Reduced costs

The amount by which a

variable objective function

coefficient needs to be

improved in order to make

it part of the optimal

solution.
Reduced costs:  Reduced costs are the amount that a decision variable contribution coefficient must improve before that decision variable would be introduced into the solution.  In effect, a reduced cost is how much a product is underpriced.  For minimizations, it is how much a variable is overpriced.  In the canning example, the reduced cost for H&B is zero, because this variable is in the solution, not at a limit.  Three of the variables (JHB, LB, and JLB) are at their minimums, and one (JP) is at its maximum.
SOLVER provides a Sensitivity Report page providing this information.
	Adjustable Cells
	
	
	
	
	

	
	 
	 
	Final
	Reduced
	Objective
	Allowable
	Allowable

	
	Cell
	Name
	Value
	Cost
	Coefficient
	Increase
	Decrease

	
	$B$2
	H&B quantity
	5,888.888889
	0
	0.21
	1E+30
	0.01

	
	$B$3
	JHB quantity
	1,000
	-0.01
	0.2
	0.01
	1E+30

	
	$B$4
	LB quantity
	1,000
	-0.226666667
	0.1
	0.226666667
	1E+30

	
	$B$5
	JLB quantity
	2,000
	-0.13
	0.15
	0.13
	1E+30

	
	$B$6
	JP quantity
	1,000
	0.1
	0.1
	1E+30
	0.1


The cells containing decision variables are identified, along with name and solution value.  The Reduced Cost column is self descriptive.  Here, we see that variable JHB is at its lower limit, and has a reduced cost of –0.01.  This means that adding more cans of this variable to the solution would lower the objective function by $0.01 per can, at least at the margin.  The Allowable Increase and Allowable Decrease indicate the range of change in cans for which this rate applies.  If the current Objective Coefficient for JHB were to increase by 0.01 to $0.21/can, this reduced cost would change.  On the other hand, should this objective function coefficient drop by any amount (1E+30 is EXCEL’s way of saying infinity), there would be no change in the current optimal solution. The variable H&B has zero reduced cost.  The Allowable Increase is infinity, indicating that improving the current objective function coefficient of 0.21 by any amount would not change the optimality of the current solution.  (The current solution would be more profitable, and would continue to have a better objective function value than any other feasible solution.)  On the other hand, were the current H&B objective function coefficient of 0.21 per can drop by 0.01 (while all other variable objective coefficients (and in fact all other model coefficients of all kinds) stayed at their current levels, there would be some other solution that would yield a superior profit.  That new solution in fact, would substitute more JHB for H&B, but this new solution cannot be identified until the model is rerun with the decreased objective function coefficient for JHB.  At the limit expressed by the allowable increase (a new objective function coefficient for JHB of $0.20/can), there would be multiple optimal solutions, with the current solution having a profit of $1,936.67 – (5,888.89 ( -0.01) = $1,877.79, as would some other solution with less JHB.

Shadow prices:  A shadow price for a constraint is the rate of change in the objective function per unit change in the right-hand side coefficient.  Each constraint limits the model solution.  If it weren't for a particular constraint, it is possible that the objective function would be better.  There are two possibilities:  the constraint is at its limit (binding), or the constraint is not at its limit (nonbinding).  A nonbinding constraint has slack (for ( constraints) or surplus (for ( constraints).  Therefore, the shadow price for a nonbinding constraint is 0.  Because the constraint is not at its limit for the current solution, changing the right-hand side a small amount would have no impact upon the optimal solution.

	Constraints
	
	
	
	
	

	
	 
	 
	Final
	Shadow
	Constraint
	Allowable
	Allowable

	
	Cell
	Name
	Value
	Price
	R.H. Side
	Increase
	Decrease

	
	$D$7
	CANS HAM
	26,555.55556
	0
	30,000
	1E+30
	3,444.444444

	
	$E$7
	CANS BEANS
	100,000
	0.023333333
	100,000
	7,750
	8,000

	
	$B$7
	CANS quantity
	10,888.88889
	0
	24,000
	1E+30
	13,111.11111


In the ham and bean example, the constraints for ham and for cans are nonbinding. The ham constraint limits ham to 30,000 ounces, but the optimal solution only required 26,556.  Thus there is a surplus of 3,444 ounces of ham.  At the margin, raising (or lowering) the limit of 30,000 ounces would not change the optimal solution.  The surplus variable for this constraint would decrease by 1, but the decision variables (and the objective function value) would remain the same. Therefore, the rate of change in the objective would be zero.  This is indicated in the shadow price column.  The same is true for the CANS quantity, as the optimal solution used 10,888.89 cans, and 24,000 were available.

If a slack/surplus constraint is binding, such as is the case for beans, the shadow price gives the marginal value of that resource.  If 100,001 ounces were available per day instead of 100,000, the objective function would increase by $0.0233, the shadow price for beans.  This implies that at the margin, an extra ounce of beans per day is worth $0.023 more than the current cost of $0.05/ounce.  (The profit function is already paying $0.05/ounce.)  If the firm could obtain extra beans each day at a cost of less than $0.073 per ounce, they could increase profit.  On the other hand, if the firm could sell beans for more than $0.073 per ounce, the firm would be ahead to produce less product and use the beans for this more profitable activity.  The shadow price of $0.023 is marginal, and not average.  On average, the firm is making $1,936.67 profit per day (paying $0.05/ounce for beans) for 100,000 ounces, or an average profit of $0.0019/ounce (above the $0.05/ounce paid).  That is because the first beans are used for required products.  Then beans are used for the most profitable product, until that most profitable product is constrained.  This goes on, with ever decreasing profit/ounce of beans, until the marginal rate of $0.023/ounce (above the $0.023 cost) applies.  The range analysis gives the limits in constraint right-hand side for which the current shadow price applies.  The current right-hand side of 100,000 could increase by 7,750 ounces, or decrease by 8,000 ounces, before the shadow price would change. This implies that between 92,250 and 108,000 ounces, each ounce contributes $0.023 to profit.  Below 92,250 ounces, the marginal value would be higher.  Above 108,000 ounces, the marginal value will be lower.  The reason is that new combinations of constraints would limit the optimal solution at these bean levels.  It should be noted that while the shadow price is constant over its allowable range, the optimal solution and profit will change with each change in bean levels.

Negative shadow prices occur with ( constraints, and possibly with strict equalities.  That is because these constraints force variables into the solution, which reduces the more attractive alternatives available in the model.  

In summary, there are two fundamental rules upon which all sensitivity analysis is based.  Given these, you should be able to deal with a variety of questions for any kind of linear programming solution.
1.  Reduced costs are the amount that a 
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 must improve before it is attractive enough to be part of the basic solution (take on a nonzero value).  The optimal decision will remain the same as long as any one 

 stays within its allowable range, and no other model coefficients change.

2.  Shadow prices are the rate of change in the objective function per unit change in right-hand side coefficient.  The shadow price will remain constant as long as the associated 

 stays within its allowable range, and no other model coefficients change.

ZERO-ONE PROGRAMMING

Zero-one variables are very useful in a number of operations management contexts, such as plant scheduling (where machine setups are required between production runs for different products) and inventory models (where orders are placed with a cost independent of order quantity).

We will demonstrate the latter problem with a case where a manufacturer produces a unique laundry detergent to customer order quantities.  Demand is set over the next month by orders from a short list of clientele.  Materials for the soap are developed locally, except for a specialty liquid cleanser additive delivered by tanker (which, due to the special chemical properties of this additive, charges $5,000 per delivery, no matter what quantity is ordered).  This liquid additive is expensive to inventory, and costs the manufacturer $5 per gallon per week to store.   Each case (144 boxes) of soap uses up 0.1 gallons of additive.

The decision here is how much additive to order by time period.  Problem features are:

	
	Week 1
	Week 2
	Week 3
	Week 4

	Demand (cases soap)
	10,000
	20,000
	5,000
	25,000

	Additive required/week
	1,000 gal
	2,000 gal
	500 gal
	2,500 gal


One option is to order what is needed each week.  This would minimize inventory holding costs, but would involve four orders.  The total quantity of additive required over the four week planning horizon is 6,000 gallons, which could be ordered to arrive at the beginning of week 1, minimizing ordering costs.  But mathematical programming can provide an optimal solution over the current planning horizon minimizing the sum of holding and ordering costs.  (After one week of operation, the model can be rerun with a new fifth week of data.)

Objective:

The decision is to minimize total inventory cost.  In this case, this is independent of production cost, and independent of purchasing cost, although both factors could play a role and could be included in the model.  The inventory factors of importance here are ordering costs ($5,000 per order) and holding costs ($5 per gallon per week of inventory carried over from one week to the next).  Holding costs within the week delivered are not a factor, as they would be incurred regardless of policy.

Combining holding costs with ordering costs, the objective function would be:

Minimize 5 C12 + 5 C23 + 5 C34 + 5000 Y1 + 5000 Y2 + 5000 Y3 + 5000 Y4

Variables:

The decision variables reflect the quantity to be ordered by week.  We can reflect this by four variables, X1 through X4, numbered by the week of receipt (delivery assumed at the beginning of each week).  We also need variables to reflect the costs incurred.  We need variables to represent orders (Y1 through Y4), again numbered by week of delivery.  We also need variables reflecting inventory carryover (C12, C23, and C34) where the number reflects the beginning week and the second number the week to which inventory is carried over to.

Constraints:

We need to model balance constraints reflecting the possible sources of additive for each week.  For week 1, there is only one source: delivery at the beginning of week 1.  But for subsequent weeks, multiple sources are possible (and if there was an initial quantity on hand, it could be used for week 1 as well).  For each week:

Carried over from week n-1 + Purchased week n = Used week n + Carried over to week n+1

For the specific model:

Week 1

X1
=
1000
+ C12

Week 2
C12 +
X2
=
2000
+ C23

Week 3
C23 +
X3
=
  500
+ C34

Week 4
C34 +
X4
=
2500
(+ C45)

Note that we do not have an initial inventory, nor do we model past the current planning horizon, so for our model, C45 will be zero.

We also need constraints to reflect the relationship between quantities purchased and orders placed.  We can take advantage of the zero-one variables Y1 through Y4 to apply logic.  These four variables are used in the objective function to incur costs of ordering.  

The constraint set required to trigger orders would be:

X1
(
9,999 Y1

X2
(
9,999 Y2

X3
(
9,999 Y3

X4
(
9,999 Y4

Here the value 9,999 is used to reflect a number guaranteed to be larger than the maximum value of Xn.  In this case, Xn could be as high as 6,000.  We need a number that in general is expected to be well above the maximum value for Xn.  The logic is that if any quantity is received in a period, a  delivery is incurred.

The EXCEL model is as follows:

	
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K

	1
	
	variables
	costs
	week1
	week2
	week3
	week4
	trigger1
	trigger2
	trigger3
	trigger4

	2
	x1
	1,000
	
	1
	
	
	
	1
	
	
	

	3
	x2
	2,500
	
	
	1
	
	
	
	1
	
	

	4
	x3
	0
	
	
	
	1
	
	
	
	1
	

	5
	x4
	2,500
	
	
	
	
	1
	
	
	
	1

	6
	c12
	0
	5
	-1
	1
	
	
	
	
	
	

	7
	c23
	5,00
	5
	
	-1
	1
	
	
	
	
	

	8
	c34
	0
	5
	
	
	-1
	1
	
	
	
	

	9
	y1
	1
	5,000
	
	
	
	
	-9,999
	
	
	

	10
	y2
	1
	5,000
	
	
	
	
	
	-9,999
	
	

	11
	y3
	0
	5,000
	
	
	
	
	
	
	-9,999
	

	12
	y4
	1
	5,000
	
	
	
	
	
	
	
	-9,999

	13
	use
	
	
	1,000
	2,000
	500
	2,500
	0
	0
	0
	0

	14
	function
	
	17,500
	1,000
	2,000
	500
	2,500
	-8,999
	-7,499
	-0
	-7,499


In columns C through K of the function row (row 14), sumproducts were used.  For column C:

=SUMPRODUCT($B$2:$B$12,C2:C12)

This was copied across through column K, identifying function values for each column.  The SOLVER input was:
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Each of the eight continuous variables were restricted to be nonnegative.  The four zero-one variables were specified as binary (0 or 1).  The four structural equalities modeling the carryover variables are imposed by the constraints: 

$D$14:$G$14=$D$13:$D$13

Finally, the four trigger constraints for the zero-one variables are modeled:

$H$14:$K$14 <= 0

The solution obtained indicates orders placed in weeks 1, 2, and 4.  Therefore, three ordering costs were incurred, resulting in $15,000 of expense.  Holding costs were incurred from week 2 to week 3, for a quantity of 500 units at $5 per unit, or $2,500.  This yields the total expense of $17,500.  

The constraint report indicates which constraints are binding, and their slack.  However, this information is not as useful as it was in the continuous model case.  Note that when zero-one or integer variables are used, sensitivity analysis is unreliable (because a number of additional constraints are generated by the computer internally to identify the optimal zero-one or integer solution).  SOLVER does not provide sensitivity analysis when zero-one or integer variables are present.
The solution obtained to the zero-one model compares favorably with both extreme solutions.  Ordering each week would have no holding costs, but would have 4 ( $5,000 = $20,000 in ordering costs.  Making one initial order would only have $5,000 in ordering costs, but would involve inventory costs of 5,000 ( $5 from week 1 to week 2 (25,000), 3,000 ( $5 from week 2 to week 3 ($15,000), and 2,500 ( $5 from week 3 to week 4 ($12,500), or a whopping $52,500 in holding costs.

Zero-one models can be used for a number of interesting applications, some of which are very important in operations management.  For instance, production line scheduling involving machine setups is commonly modeled with zero-one variables for setups.

The Answer Sheet provided by SOLVER is:

	Target Cell (Min)
	
	
	
	

	
	Cell
	Name
	Original Value
	Final Value
	
	

	
	$C$14
	function costs
	17,500
	17,500
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	Adjustable Cells
	
	
	
	

	
	Cell
	Name
	Original Value
	Final Value
	
	

	
	$B$2
	x1 variables
	1,000
	1,000
	
	

	
	$B$3
	x2 variables
	2,500
	2,500
	
	

	
	$B$4
	x3 variables
	0
	0
	
	

	
	$B$5
	x4 variables
	2,500
	2,500
	
	

	
	$B$6
	c12 variables
	0
	0
	
	

	
	$B$7
	c23 variables
	500
	500
	
	

	
	$B$8
	c34 variables
	0
	0
	
	

	
	$B$9
	y1 variables
	1
	1
	
	

	
	$B$10
	y2 variables
	1
	1
	
	

	
	$B$11
	y3 variables
	0
	0
	
	

	
	$B$12
	y4 variables
	1
	1
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	Constraints
	
	
	
	

	
	Cell
	Name
	Cell Value
	Formula
	Status
	Slack

	
	$D$14
	function week1
	1,000
	$D$14=$D$13
	Binding
	0

	
	$E$14
	function week2
	2,000
	$E$14=$E$13
	Binding
	0

	
	$F$14
	function week3
	500
	$F$14=$F$13
	Binding
	0

	
	$G$14
	function week4
	2,500
	$G$14=$G$13
	Not Binding
	0

	
	$H$14
	function trigger1
	-8,999
	$H$14<=0
	Not Binding
	8,999

	
	$I$14
	function trigger2
	-7,499
	$I$14<=0
	Not Binding
	7,499

	
	$J$14
	function trigger3
	0
	$J$14<=0
	Binding
	0

	
	$K$14
	function trigger4
	-7,499
	$K$14<=0
	Not Binding
	7,499

	
	$B$2
	x1 variables
	1,000
	$B$2>=0
	Not Binding
	1,000

	
	$B$3
	x2 variables
	2,500
	$B$3>=0
	Not Binding
	2,500

	
	$B$4
	x3 variables
	0
	$B$4>=0
	Binding
	0

	
	$B$5
	x4 variables
	2,500
	$B$5>=0
	Not Binding
	2,500

	
	$B$6
	c12 variables
	0
	$B$6>=0
	Binding
	0

	
	$B$7
	c23 variables
	500
	$B$7>=0
	Not Binding
	500

	
	$B$8
	c34 variables
	0
	$B$8>=0
	Binding
	0

	
	$B$9
	y1 variables
	1
	$B$9=binary
	Binding
	0

	
	$B$10
	y2 variables
	1
	$B$10=binary
	Binding
	0

	
	$B$11
	y3 variables
	0
	$B$11=binary
	Binding
	0

	
	$B$12
	y4 variables
	1
	$B$12=binary
	Binding
	0


TRANSPORTATION MODELS

Transportation models are concerned with cases where materials need to be moved from source locations to demand locations.  Each combination of source to demand is a variable.  If some combination is infeasible, this combination can be eliminated from the variable set.  The cost per unit of material for of each combination of source and demand is reflected in the objective function, which is typically to minimize cost. 

For example, an automobile manufacturer may have a number of factories capable of producing a given vehicle model.  A set of possible factory locations is given below.  This manufacturing process may require engines, which could be obtained from a variety of sources.  Say that the manufacturer has an engine production facility in Dearborn, MI, and another in Scottsdale, AZ.  They could also import engines from Japan. 

	Unit Costs
	Sources
	Required/week

	Demands
	Dearborn
	Scottsdale
	Japan
	

	Reno
	80
	20
	160
	800

	Waco
	70
	30
	170
	700

	Xenia
	30
	70
	190
	1,200

	Macon
	50
	80
	200
	1,100

	Available
	2,000
	3,000
	8,000
	


The model includes a variable for each combination of Source and Demand (twelve in all).  Each of these variables has a unit cost, given in the above table, here representing price FOB plant (purchase plus shipping).  We will represent each variable by the initial of the Source, combined with the initial of the Demand.  The objective is to minimize the total cost function:

Min 80 DR + 20 SR + 160 JR + 70 DW + 30 SW + 170 JW + 30 DX + 70 SX + 190 JX + 50 DM + 80 SM + 200 JM

There are constraints required to make sure that supply quantities at each Source are not exceeded, and that the sum provided to each Demand is at least the quantity needed.  We can use equalities if the total supply exactly matches the total demand.  More generally, as is the case here, it is wiser to leave constraints in their less restricted form (inequalities).

Source limits




Demand requirements

DR + DW + DX + DM
( 2000

DR + SR + JR (   800

SR + SW + SX + SM

( 3000

DR + SR + JR (   700

JR + JW + JX + JM 

( 8000

DR + SR + JR ( 1,200







DR + SR + JR ( 1,100

We also need to restrict each of the twelve individual variables to be greater than or equal to zero.  The EXCEL model:

	
	A
	B
	C
	D
	E
	F

	1
	unit costs
	Sources
	
	
	total cost
	

	2
	Demands
	Dearborn
	Scottsdale
	Japan
	
	

	3
	Reno
	80
	20
	160
	
	

	4
	Waco
	70
	30
	170
	
	

	5
	Xenia
	30
	70
	190
	
	

	6
	Durham
	50
	80
	200
	
	

	7
	
	
	
	
	=SUMPRODUCT(B3:D6,B10:D13)
	

	8
	VARIABLES
	
	
	
	
	

	9
	Demands
	Dearborn
	Scottsdale
	Japan
	Total
	at least

	10
	Reno
	
	
	
	=SUM(B10:D10)
	1,600

	11
	Waco
	
	
	
	=SUM(B11:D11)
	1,700

	12
	Xenia
	
	
	
	=SUM(B12:D12)
	1,900

	13
	Durham
	
	
	
	=SUM(B13:D13)
	2,000

	14
	Total
	=SUM(B10:B13)
	=SUM(C10:C13)
	=SUM(D10:D13)
	=SUM(E10:E13)
	

	15
	no more than
	2,000
	3,000
	8,000
	
	


The SOLVER input to reflect this model is:
[image: image5.png][Solver Parameters E d )
p— =
ElToi  Cos Gwg Cyaueoh [0 =
By Charrg ol

|$B$10:4D$13 Guess
[FE$1040515 = add
|$B514:4D514 3$15:4D415
|$E$10:4E§13 >= $F10:4F§13 Change.
=22 gt
Delete
s





The SOLVER solution for this model is:
	Unit costs
	Sources
	
	
	Total cost
	

	Demands
	Dearborn
	Scottsdale
	Japan
	
	

	Reno
	80
	20
	160
	
	

	Waco
	70
	30
	170
	
	

	Xenia
	30
	70
	190
	
	

	Durham
	50
	80
	200
	
	

	
	
	
	
	567,000
	

	VARIABLES
	
	
	
	
	

	Demands
	Dearborn
	Scottsdale
	Japan
	total
	at least

	Reno
	0
	1,300
	300
	1,600
	1,600

	Waco
	0
	1,700
	0
	1,700
	1,700

	Xenia
	1,900
	0
	0
	1,900
	1,900

	Durham
	100
	0
	1,900
	2,000
	2,000

	total
	2,000
	3,000
	2,200
	7,200
	

	no more than
	2,000
	3,000
	8,000
	
	


It will take over $500 thousand per time period to ship the required engines.  The Scottsdale source is assigned to the Reno and Waco plants, and the surplus requirements at Reno obtained from Japan.  The Dearborn source is dedicated to the Xenia and Durham plant, and again surplus requirements at Durham obtained from Japan.  The solution requires 2,200 engines per time period from Japan.  Here, the supply-demand combinations with minimum cost were applied, and Japanese resources used for the remainder of the solution.

ASSIGNMENT MODELS

The assignment model is a special case of the transportation model.  While the quantities demanded and supplied in a transportation model can be any value, these quantities are 1 in the assignment model.  

A prototypical example is assigning personnel to tasks.  We all have some things that we do very well, and other things that we would rather not do.  Fortunately, we all do not like or dislike the same things.  Consider an office with four new workers, and four job classifications.  After the initial training period, the human resources staff has measured the average time for each to accomplish a typical task in four areas of work processed in the office.

	
	Accounting
	Finance reports
	Shipping schedules
	Stock trades

	Jay Gould
	3 hours
	4 hours
	3 hours
	1 hour

	John P. Morgan
	5 hours
	2 hours
	6 hours
	4 hours

	John Rockefeller
	1 hour
	7 hours
	4 hours
	6 hours

	Cornelius Vanderbilt
	4 hours
	9 hours
	2 hours
	2 hours


This problem can be modeled in linear programming as follows:

Min 3 GA + 4 GF + 3 GS + 1 GT + 5 MA + 2 MF + 6 MS + 4 MT + 1 RA + 7 RF + 4 RS + 6 RT + 4 VA + 9 VF + 2 VS + 2 VT

Subject to:
GA + GF + GS +  GT = 1 Each person assigned exactly once



MA+ MF + MS +  MT = 1



RA+  RF +   RS +  RT  = 1



VA+  VF + VS  +  VT  = 1



GA+ MA + RA +  VA
 = 1 Each task assigned to one person



GF + MF  + RF  + VF
=  1



GS + MS +  RS  + VS
=  1



GT + MT +  RT +  VT = 1

All variables binary.

The SOLVER model:
	
	A
	B
	C
	D
	E
	F

	1
	
	Accounting
	Finance
	Shipping
	Stock
	

	2
	Gould
	3
	4
	3
	1
	

	3
	Morgan
	3
	5
	6
	3
	

	4
	Rockefeller
	1
	7
	4
	4
	

	5
	Vanderbilt
	3
	6
	2
	3
	

	6
	
	
	
	
	
	

	7
	Gould
	0
	0
	0
	1
	=SUM(B7:E7)

	8
	Morgan
	0
	1
	0
	0
	=SUM(B8:E8)

	9
	Rockefeller
	1
	0
	0
	0
	=SUM(B9:E9)

	10
	Vanderbilt
	0
	0
	1
	0
	=SUM(B10:E10)

	11
	
	=SUM(B7:B10)
	=SUM(C7:C10)
	=SUM(D7:D10)
	=SUM(E7:E10)
	

	12
	
	
	
	total cost
	=SUMPRODUCT (B2:E5,B7:E10)
	


The solution to this model is indicated by the “1”s in the variable section.

Jay Gould

Stock Trades

1 hour average


John Morgan

Finance Reports
5 hour average


John Rockefeller
Accounting

1 hour average


Cornelius Vanderbilt
Shipping schedules
3 hour average

Assignment models are much easier to solve than transportation models (and in fact can be solved manually quite easily), but have far fewer and less important applications.  Still, there are occasions where the assignment model is useful in operations management.

SUMMARY
Linear programming is one of the most powerful analytic tools available for decision support systems.  Not only is the best possible decision (relative to the objective function) promised, but economic interpretation of the limits to the decision is available.  However, the conclusions to be drawn from linear programming are highly sensitive to the accuracy of the model.  Errors in data, or changes in demands, costs, or resource usage, can make major differences.  Thus, while LP is extremely attractive, it is extremely dangerous.  And the assumptions required are sometimes difficult to satisfy.

KEY TERMS
Binding: Constraint state where the functional value for the given solution is at the specified limit.

Boundedness: The LP model is constrained in the direction of optimality.  If not, the solution would be unbounded (no optimal solution would exist).

Certainty: In linear programming, all coefficients in the model are assumed to be point values, with no probability distributions.

Continuity: In linear programming, the optimal solution to the basic model is liable to contain fractional values for variables, and the optimal solution to a model restricted to integer or zero-one variables is not guaranteed to be close to this continuous LP solution.

Shadow price: The amount of change in the objective function per one unit increase in right-hand side limit of a constraint.  Synonyms: shadow price, marginal value.

Feasibility: If all constraints can be satisfied simultaneously, the LP model is feasible.

Function: Mathematical expression measuring something in terms of variables and their coefficients.

Linearity: In linear programming, all functions are assumed to be linear (no variable power other than first power; no products or ratios of variables).

Optimization: Methodology to obtain the best possible solution.

Multiple optimal solutions: LP models may have more than one solution providing the optimal objective function value.

Reduced costs: The amount by which a variable objective function coefficient needs to be improved in order to make it part of the optimal solution.

Slack: Amount of difference between a constraint limit and its functional value for a given solution.

Variables: Quantities dealt with in abstract terms for modeling, with specific values assigned in solutions.

PROBLEMS
1. Try to solve the following model.  What seems to be the problem?
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4.
You are in the business of producing and selling 100 pound bags of health food for pet pigs. You plan to advertise that each bag will provide minimum weekly requirements of protein (200 grams), calcium (300 grams) and fiber (100 grams).  Further, you plan to advertise that each bag will contain no more than 500 calories.  You have found supplies at reasonable cost for three possible ingredients. Data is:


	
 
	Cost
	Protein
	Calcium
	Fiber
	Calories

	Corn
	$.03/lb
	100 g/lb
	2 g/lb
	1 g/lb
	50/lb

	Fishbones
	$.005/lb
	  1 g/lb
	50 g/lb
	none
	2/lb

	Sawdust
	$.001/lb
	none
	none
	200 g/lb
	1/lb


5.
You plan to sell the bag for $1.  Identify the optimal solution.


A company in Victoria produces bottles of aspirin products as follows:PRIVATE 


     PRODUCT


SALES PRICE


     Super Seltzer

     $3.00


     Capsules


     $3.50


     Cheap Seltzer

     $2.00


     Tablets


     $2.50

The company ships these products to two distributors, located at Hearne and Cuero.  There is unlimited demand at each distributor.  Shipping costs per bottle and contracted minimum quantities for each distributor are:

	 
	Hearne
	Cuero

	Shipping cost/bottle
	0.21
	0.22

	
	Minimum demand/time period

	Super Seltzer
	700
	1,000

	Capsules
	800
	1,500

	Cheap Seltzer
	1,000
	800

	Tablets
	1,800
	5,000


To produce these boons to mankind, raw materials are purchased at the following costs in the given maximum quantities: 

	 
	Cost/Ounce
	Maximum Ounces

	Acetylsalicylic acid
	$0.60 
	50,000

	Sodium
	$0.30 
	25,000


Production costs per bottle and raw materials required per bottle:

	 
	Production Cost/Bottle
	Ounces Acet. Acid
	Ounces Sodium

	Super Seltzer
	$0.25
	2
	3

	Capsules
	0.35
	4
	0

	Cheap Seltzer
	0.15
	2
	2

	Tablets
	0.10
	3
	0


Because capsules have become an insurance problem, the total number of bottles of capsules produced must be more than 20% of the total number of bottles produced. Model this as a linear programming model, and solve to determine the number of bottles of each product to ship to each destination.  Management desires to maximize profit.

6.
Boing Corp produces airplanes for large smugglers, medium sized revolutions, and small governments.  They produce three models, the Raven, the Hawk, and the Falcon.

	 
	Contracts (minimums)
	Maximum Demand
	Fuselages
	Missile Launchers
	Cannon
	Profit/Plane

	Ravens
	0
	40
	1
	4
	0
	5 mill

	Hawks
	15
	30
	1
	2
	2
	20 mill

	Falcons
	0
	50
	1
	4
	4
	30 mill


(All sensitivity questions independent of each other)

A)  What is the optimal decision?  How much profit is expected?

B)  If 40 extra cannon could be obtained for a marginal cost of 2 mill per cannon, would it pay?  What is the marginal benefit of cannon? For how many additional cannon would Boing be confident of this benefit?

C)  If Boing could obtain up to 8 extra fuselages for a marginal cost of 6 mill each, would it pay to acquire any?  What is the marginal benefit?  For how many extra fuselages would Boing be confident of this benefit?

D)  If huge bribes would have the affect of increasing demand, which planes' demands should be increased? 

E)  If a wealthy unofficial goods transporter wanted to know how much they would have to pay to get a Falcon, what price would be required?

F)  If the government wanted to obtain missile launchers from Boing, how many could Boing let go for $1 mill per launcher?

7.
A department store chain is planning opening a new store.  They need to decide how to allocate the 100,000 square feet of available floor space among seven departments.  Data on expected performance of each department, in terms of square feet (sf) is:

	Department
	Investment/sf
	Risk as a percent of dollars Invested
	Minimum sf
	Maximum sf
	Profit per sf

	Electronics
	$100 
	24%
	6,000sf
	30,000sf
	$12.00

	Furniture
	50
	12
	10,000
	30,000
	6.00

	Men's Clothing
	30
	5
	2,000
	5,000
	2.00

	Clothing
	600
	10
	3,000
	40,000
	30.00

	Jewelry
	900
	14
	1,000
	10,000
	20.00

	Books
	50
	2
	1,000
	5,000
	1.00

	Appliances
	400
	3
	12,000
	40,000
	13.00


The company has gathered $20,000,000 to invest in floor stock.  The risk element is a measure of risk associated with investment in floor stock.  The idea is that electronics loses $10/$100 invested per month, based upon past records at other places for outdated inventory, pilferage, breakage, etc.  Electronics is the highest risk item.  Expected profit is AFTER covering risk.

Modeling hint:  treat variables as 1,000 square feet of things (this gets rid of three 0s in $s too).

Also, include a constraint to measure total investment, as well as a constraint to measure dollars at risk.  Report investment, square footage, and the average risk ratio for each solution.  

First, identify the solution that maximizes profit.

Additional questions:   

A)  You may possibly end up with a solution that doesn't use all available floor space.  If you're trying to maximize profit, how can that be?

B)  What rate of interest should the chain consider for the opportunity to obtain additional investment capital?  Note that the model deals with MONTHLY operations. How much additional money (per month) would that rate apply for?

C)  If they obtain another $1,000,000 of investment capital for stock, what would the solution be?  (New solution required)  What would the marginal value of capital be in that case? (Return to the original model, with $20 million investment)
D)  Some planning committee members are concerned about risk.  Identify the solutions (to include investment, square footage, and risk ratio) if risk were to be limited to:





10% of investment





 9% of investment





 8% of investment





 7% of investment

8.
You work for a new outfit which takes advantage of favorable tin and plastic contracts to produce consumer products of high quality.  You make food processors, vacuum cleaners, and paper shredders.  There are two types of each product - one for high ticket retail outlets, and the second for TV marketing on special cable.  You have solid contracts allowing you to purchase up to 10,000 ounces of tin per week at $.05 per ounce, and up to 20,000 pounds of plastic at $.06 per pound.  Your current labor force consists of 10,000 person-hours, at $5 per hour.  You have identified high ticket outlets that would be willing to stock up to the maximums given below for each of the three products.  Your wily marketing manager has also signed a contract guaranteeing delivery of at least 100 of each item per week to the TV channel that does nothing but sell this kind of stuff.  The total costs below include materials, labor, and other expenses.  Model this to maximize profit.

	Product
	Tin(oz)
	Plastic
	Labor(hr)
	Max Sales
	Min Sales
	Cost
	Price

	Food processors-retail
	3
	2
	6
	300
	 
	$35.27 
	$50 

	Food processors-TV
	3
	2
	2
	 
	100
	$15.27 
	$19.95 

	Vacuum cleaners-retail
	5
	5
	8
	300
	 
	$57.45 
	$100 

	Vacuum cleaners-TV
	5
	5
	3
	 
	100
	$32.45 
	$29.95 

	Paper shredders-retail
	7
	20
	10
	300
	 
	$54.55 
	$200 

	Paper shredders-TV
	7
	20
	5
	 
	100
	$29.55 
	$39.95 


Develop a linear programming model, and identify the optimal production schedule for this operation.  Then report the results of your analysis for the following critical questions that management wants to know about.

ALL SENSITIVITY QUESTIONS ARE INDEPENDENT OF EACH OTHER.
A)  Currently retail products are limited by demand.  You could advertise each and any of these three products, seeking to increase the maximum number you could sell.  Which product would be the best candidate for an advertising campaign?  Why?

B)  Your lawyer indicates that the sloppy way you build food processors for the TV market is liable to lead to lawsuits.  You could buy liability insurance, available at the rate of $1.00 per unit produced.  Would this lead to a change in your recommendations?

C)  The boss's niece was hired last month as an efficiency expert.  She says no one will know if you sell the TV products to the retail outlets at the old retail prices.  This of course would increase profit rates.  See if it is possible to identify the optimality of the current solution under these circumstances.

D)  You have the opportunity to get another steady supply of an extra 10,000 ounces of tin per week, but it has a premium cost of $.07 per ounce.  Make appropriate recommendations, and explain your logic.

E)  Your boss wants to add his nephew to the payroll, at 40 hours per week.  Do you have useful work for him?  What would be the maximum you would want to pay per hour?

F)  The marketing manager was bought lunch by the cable TV marketing people, and has been able to swing an opportunity to increase the amount contracted to deliver for all three TV products to these people.  Give your analysis of the appropriate products whose TV contracts should be increased.

9.
Larsen E. Whipsnade has developed a sausage for sale near university campuses.  This sausage consists of a blend of the finest meat materials locally available, along with jalapenos for flavor, okra for fiber, and local ice for salt.  Sausages are to each weigh exactly one pound.  The solution would be the number of pounds of each material per sausage.  The database of materials is:

	 
	Pork
	Hamburger
	Goat
	Jalapenos
	Okra
	Ice

	Cost
	$1.5/lb
	$2.0/lb
	$0.6/lb
	$0.25/lb
	$0.2/lb
	$0.01/lb

	Fiber
	0.05 cc/lb
	0.1 cc/lb
	0.2 cc/lb
	0.03 cc/lb
	0.8 cc/lb
	0

	Salt
	0.05 cc/lb
	0.02 cc/lb
	0.03 cc/lb
	0
	0
	0.01 cc/lb


The solution is to contain at least 60% meat (pork, hamburger, & goat) by weight.  Goat should be no more than half of the meat used by weight.  Ice should be no more than 10% of the sausage by weight.  The final product has to contain at least 0.35 cc of fiber, and no more than 0.02 cc of salt.

10. Many high technology products such as crystals and alloys can be manufactured more efficiently in the weightless environment of earth orbit.  You are planning production operations for a space flight.  Five products, given below, are being considered.  There are unit profits, volumes, weights, manhours per unit, and maximum demands given below.  Solve this problem, which requires integer solution values.

	Products
	Alloy1
	Alloy2
	Crystal1
	Crystal2
	Interferon

	Profit ($/unit)
	10
	1.7
	3.5
	1.6
	2.6

	Volume (CF/unit)
	9
	3
	10
	7
	13

	Weight (lb/unit)
	59
	18
	26
	26
	10

	Manhours (/unit)
	2.2
	0.5
	0.7
	0.2
	1.1

	Demand (£)
	22
	69
	90
	40
	85


Volume available   -  600 CF

Weight allowable   - 2,100 lb

Manhours available -   40 hr

11. A brewery ships beer from three plants to four wholesalers.  Each plant has a given capacity per day, and each wholesaler has a daily demand.  Identify the assignment of plants to wholesalers that would minimize truck traveling time.

	Warehouses
	Denver Plant
	St. Paul Plant
	Wichita Plant
	Demand

	Cheyenne 
	2 hours
	15 hours
	12 hours
	50 trucks

	Topeka 
	6 hours
	10 hours
	5 hours
	30 trucks

	Ames 
	16 hours
	4 hours
	8 hours
	40 trucks

	Dallas 
	16 hours
	18 hours
	8 hours
	90 trucks

	Capacities
	70 trucks
	90 trucks
	80 trucks
	 


12. A moving company has five transport crews.  Today they have four jobs scheduled.  Estimated hours required by each crew to do each job are as follows:
	 
	Crew 1
	Crew 2
	Crew 3
	Crew 4
	Crew 5

	Job 13
	9
	6
	5
	4
	2

	Job 16
	7
	6
	3
	2
	won’t

	Job 22
	6
	7
	4
	5
	3

	Job 28
	2
	6
	4
	9
	6


Crew 5 refuses to do job 16, citing its union agreement.  Find the assignment minimizing total time.
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